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Error Bounds for Real Function Classes Based on Discretized
Vapnik-Chervonenkis Dimensions

Chao Zhang1 and Dacheng Tao2 ?

1

2 School of Computer Engineering
Nanyang Technological University, 639798, Singapore.

dctao@ntu.edu.sg

Abstract. The Vapnik-Chervonenkis (VC) dimension plays an important role in statistical learning the-
ory. In this paper, we propose the discretized VC dimension obtained by discretizing the range of a real
function class. Then, we point out that Sauer’s Lemma is valid for the discretized VC dimension. We group
the real function classes having the infinite VC dimension into four categories by using the discretized VC
dimension. As a byproduct, we present the equidistantly discretized VC dimension by introducing an
equidistant partition to segmenting the range of a real function class. Finally, we obtain the error bounds
for real function classes based on the discretized VC dimensions in the PAC-learning framework.

Key words: VC dimension, statistical learning theory, error bound, real function class.

1 Introduction

Define Z = (X ,Y) ⊆ RI×J , wherein X ⊆ RI is an input space and Y ⊆ RJ is its corresponding output space.
It is expected to find a function T : X → Y that, given an x ∈ X , can accurately predict the output y ∈ Y. In
particular, given a loss function ` : Y2 → R, the target function T minimizes the expected risk

E(`(T (x),y)) =
∫

`(T (x),y)dP, (1)

where P signifies the distribution of z = (x,y) ∈ Z. Since the distribution P is unknown, the target function
T usually cannot be directly obtained by minimizing (1). Therefore, given a function class G and a sample set
SN = {zn}N

n=1 ⊂ Z with zn = (xn,yn), the estimate of T is achieved by minimizing the empirical risk

EN (`(g(x),y)) =
1
N

N∑
n=1

`(g(xn),yn), g ∈ G, (2)

which is an approximation to the expected risk (1). The loss function class is defined by

F := {z 7→ `(g(x),y) : g ∈ G}.
and F is termed as the function class in the rest of the paper. Moreover, we denote, for any f ∈ F ,

Ef =
∫

f(z)dP and ENf =
1
N

N∑
n=1

f(zn).

It is essential to select specific kinds of function classes to deal with different learning problems. As men-
tioned in [1], indicator function classes (F ⊂ {0, 1}Z) and real function classes (F ⊂ [A,B]Z) correspond to
classification and regression problems, respectively. This paper follows this scenario as well.

One of the major concerns in statistical learning theory is the upper bound of

sup
f∈F

Ef − ENf,

which is called the error bound and measures the probability that a function produced by an algorithm has
a sufficiently small error. The error bound can be obtained by incorporating a certain complexity measure of
the function class F . For example, Vapnik [1] gave asymptotic error bounds by introducing the annealed VC
entropy, the growth function and the VC dimension. Vaart and Wellner [2] exhibited some error bounds based on
the Rademacher complexity and the covering number. Bartlett [3] introduced the local Rademacher complexity
and presented a sharp error bound for a particular function class {f ∈ F|Ef2 < αEf, α > 0}.

The VC dimension of a real function class can be defined as follows ([1]).

? Corresponding author.
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Definition 1. Let F ⊆ [A,B]Z be a real function class3. Given a sample set SN = {zn}N
n=1 drawn from Z, for

any β ∈ (A,B), define
f β

SN :=
(
f(z1)− β, f(z2)− β, · · · , f(zN )− β

)
, (3)

and
I

(
f β

SN

)
:=

(
σ(f(z1)− β), σ(f(z2)− β), · · · , σ(f(zN )− β)

)
, (4)

where σ is a step function
σ(x) =

{
0, x < 0;
1, x ≥ 0. (5)

Thus, we obtain a set F|SN :=
{

I
(
f β

SN

)
: f ∈ F , β ∈ (A,B)

}
. (6)

Then, the VC dimension of F is defined by

V C(F) := max
{

N > 0 : max
SN∈ZN

{∣∣F|SN

∣∣} = 2N

}
. (7)

In Definition 1, β traverses the interval (A,B), and thus many real function classes having infinite VC
dimensions, e.g., the function class {sin(αx)|α ∈ R} shown in [1]. Therefore, the VC dimension is unsuitable to
measure the complexities of these real function classes and it is necessary to further investigate them. Ben-David
and Gurvits [4] studied the function classes having the infinite VC dimension by using the σ-ideal and built a
relation with the VC dimension and the Lebesgue measure.

In this paper, we propose the discretized VC dimension to measure complexities of real function classes.
The discretized VC dimension only requires β to be evaluated from a specific partition of (A,B). We then
discuss some properties of the discretized VC dimension and show that Sauer’s Lemma [5] is valid for the
discretized VC dimension. Afterwards, we classify the real function classes having the infinite VC dimension
into four categories by using the discretized VC dimension. As a byproduct, we present a special discretized
VC dimension - the equidistantly discretized VC dimension, which is generated from a equidistant partition of
[A,B], and its properties are discussed as well. Finally, we obtain error bounds for real function classes based
on the discretized VC dimensions in the PAC-leaning framework [6].

The rest of this paper is organized as follows. In Section 2, we introduce the discretized VC dimension,
discuss its properties and group the real function classes having the infinite VC dimension. Section 3 presents
error bounds for real function classes based on the discretized VC dimension in the PAC-learning framework.
The proofs of main results are arranged in Section 4 and the last section concludes the paper.

2 Discretized Vapnik-Chervonenkis Dimensions

According to Definition 1, the VC dimension of a real function class requires β to traverse along the interval
(A,B) and this traversal makes the VC dimensions of many real function classes infinite, e.g., the function class
{sin(αx)|α ∈ R}. Therefore, it is valuable to study the real function classes having the infinite VC dimension.
For this purpose, we develop a new complexity measure for real function classes based on the partition of the
interval (A,B).

Let ΛM = {β1, · · · , βM} be a finite partition of the interval (A,B). By using (3) and (4), define a set
FΛM

|SN :=
{

I
(
f β

SN

)
: f ∈ F , β ∈ ΛM

}
. (8)

Then, the discretized VC dimension is defined as follows.

Definition 2. Assume that F ⊆ [A,B]Z is a real function class. Let ΛM = {β1, · · · , βM} be a finite partition
of the interval (A,B). Then, the discretized VC dimension of F is defined by

DisV C(F ,M) := max





N > 0 : max
SN∈ZN

ΛM⊂(A,B)

|FΛM

|SN | = 2N





. (9)

In the above definition, the discretized VC dimension only requires β to be evaluated at the partition ΛM and
Sauer’s Lemma [5] is valid for the discretized VC dimension.

Lemma 1. Assume that F ⊆ [A,B]Z is a function class, wherein A,B ∈ R. Let ΛM = {β1, β2, · · · , βM} be
a partition of the interval (A,B) and SN = {zn}N

n=1 ⊂ Z be an i.i.d. sample set. According to (8), if the
discretized VC dimension DisV C(F ,M) = D, then we have for any N ≥ D,

E
(∣∣∣FΛM

|SN

∣∣∣
)
≤

(
eN
D

)D

. (10)

Lemma 1 is a direct result of Sauer’s Lemma [5]. Moreover, according to Definition 2, the discretized VC
dimension has the following properties.

Theorem 1. Assume that F ⊆ [A,B]Z is a real function class having the VC dimension V C(F). Let ΛM =
{β1, · · · , βM} be a finite partition of the interval (A,B). Then,
3 Actually, A and B can be −∞ and +∞, respectively (cf. [1]). However, this paper only considers the case that
−∞ < A < B < +∞.
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(i) for any M ∈ N, we have DisV C(F ,M) ≤ V C(F);
(ii) for any M ∈ N, we have DisV C(F ,M) ≤ V C(F);

According to Theorem 1, since the discretized VC dimension is smaller than the traditional VC dimension
and increases with the increase of the cardinality of the partition, we can classify the real function class having
the infinite VC dimension into four categories by using the discretized VC dimension.

Definition 3. Let F be a real function classes having the infinite VC dimension.

(i) If there exists an M0 ∈ N such that DisV C(F ,M0) < ∞ and DisV C(F ,M) = ∞ holds for any M0 < M ∈
N, then F is said to be of TYPE I.

(ii) If DisV C(F ,M) = ∞ holds for any M ∈ N, then the F is said to be of TYPE II.
(iii) If there exists an increasing sequence {Mk} ⊆ N such that DisV C(F ,Mk) approaches to the infinity as

k →∞, then F is said to be of TYPE III.
(iv) The others are said to be of TYPE IV.

In the above definition, we group the real function classes having the infinite VC dimension into four
categories. For example, the function class {sin(αx) |α ∈ R} is of TYPE II.

Moreover, there is a special version of the discretized VC dimension, which is defined based on the equidistant
partition of the interval [A,B].

Definition 4. Assume that F ⊆ [A,B]Z is a real function class and let A = β0 < β1 < · · · < βM < βM+1 = B
be an equidistant partition of the interval [A,B], i.e., there exists a constant δ > 0 such that δ = (βm − βm−1)
holds for any 1 ≤ m ≤ M + 1. Denote Λδ = {β1, · · · , βM} and

FΛδ

|SN :=
{

I
(
f β

SN

)
: f ∈ F , β ∈ Λδ

}
. (11)

Then, the equidistantly discretized VC dimension of F is defined by

DisV C(F , δ) := max
{

N > 0 : max
SN∈ZN

∣∣FΛδ

|SN

∣∣ = 2N

}
. (12)

In Definition 4, the equidistantly discretized VC dimension DisV C(F , δ) is completely determined by the
partition Λδ of (A,B). In contrast, the discretized VC dimension DisV C(F ,M) needs to select a specific
partition to achieve the maximum in (9). Similarly, Sauer’s Lemma is valid for the equidistantly discretized VC
dimension.

Lemma 2. Assume that F ⊆ [A,B]Z is a real function class and let A = β0 < β1 < · · · < βM < βM+1 = B
be an equidistant partition of the interval [A,B], i.e., there exists a constant δ > 0 such that δ = (βm − βm−1)
holds for any 1 ≤ m ≤ M + 1. Denote Λδ = {β1, · · · , βM}. If the equidistantly discretized VC dimension
DisV C(F , δ) = D, then we have for any N ≥ D,

E
(∣∣∣FΛδ

|SN

∣∣∣
)
≤

(
eN
D

)D

. (13)

The equidistantly discretized VC dimension DisV C(F , δ) has the following properties.

Theorem 2. Assume that F ⊆ [A,B]Z is a real function class and let A = β0 < β1 < · · · < βM < βM+1 = B
be an equidistant partition of the interval [A,B], i.e., there exists a constant δ > 0 such that δ = (βm − βm−1)
holds for any 1 ≤ m ≤ M + 1. Denote Λδ = {β1, · · · , βM}. Then,

(i) for any δ > 0, we have DisV C(F , δ) ≤ V C(F);
(ii) for any δ > 0, we have DisV C(F , δ) ≤ DisV C (F ,M), wherein DisV C (F ,M) is the discretized VC

dimension.

It is worth emphasizing that for some 0 < δ1 < δ2, it could be invalid that DisV C(F , δ1) ≥ DisV C(F , δ2),
i.e., a finer equidistant partition could not provide a larger equidistantly discretized VC dimension, which is
different from the case of the discretized VC dimension DisV C(F ,M) shown in Theorem 1.

In the next section, we will give the error bounds based on the discretized VC dimension and the equidistantly
discretized VC dimension, respectively.
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3 Risk Bounds Based on Discretized VC Dimensions

Vapnik [1] obtained error bounds of real function classes for the empirical processes of i.i.d. samples by intro-
ducing the VC dimension. In this section, we present the risk bounds based on the discretized VC dimension in
the PAC-learning framework.

Theorem 3. Assume that F ⊆ [A,B]Z is a real function class. Let ΛM = {β1, β2, · · · , βM} be a partition of
the interval (A,B), and A = β0 < β1 < β2 < · · · < βM < βM+1 = B, (14)
with ∆βm = βm − βm−1 (m = 1, 2, · · · ,M + 1). Then, for an i.i.d. sample set S2N = {zn}2N

n=1 drawn from Z,
we have with the probability at least 1− ξ −∑M+1

m=1 ηm,

∀ f ∈ F , Ef ≤ ENf + ∆β∗




1
N

+

√√√√ ln E
(∣∣FΛM

|S2N

∣∣
)
− ln(ξ/4)

N


 , (15)

where
ηm = 2e−2N(εm)2 , 1 ≤ m ≤ M, (16)

and ∆β∗ = max1≤m≤M+1{∆βm}. Moreover, if DisV C(F ,M) = D, then for any N ≥ D/2, we have with the
probability at least 1− ξ −∑M+1

m=1 ηm,

∀ f ∈ F , Ef ≤ ENf + ∆β∗
(

1
N

+

√
D(ln(2eN)− lnD)− ln(ξ/4)

N

)
. (17)

Similar to Theorem 3, by using Lemma 2, we obtain error bounds of real function classes based on the
equidistantly discretized VC dimension as follows.

Theorem 4. Assume that F ⊆ [A,B]Z is a real function class having the VC dimension V C(F) and let
A = β0 < β1 < · · · < βM < βM+1 = B be an equidistant partition of the interval [A,B], i.e., there exists
a constant δ > 0 such that δ = (βm − βm−1) holds for any 1 ≤ m ≤ M + 1. Then, for an i.i.d. sample set
S2N = {zn}2N

n=1 drawn from Z, we have with the probability at least 1− ξ −∑M+1
m=1 ηm,

∀ f ∈ F , Ef ≤ ENf + δ




1
N

+

√√√√ ln E
(∣∣FΛδ

|S2N

∣∣
)
− ln(ξ/4)

N


 ,

where ηm (1 ≤ m ≤ M) is defined in (16). Moreover, if DisV C(F , δ) = D, then for any N ≥ D/2, we have
with the probability at least 1− ξ −∑M+1

m=1 ηm,

∀ f ∈ F , Ef ≤ ENf + δ

(
1
N

+

√
D(ln(2eN)− lnD)− ln(ξ/4)

N

)
.

4 Proofs of Main Results

In this section, we only prove Theorem 3. Theorem 4 can be directly obtained by combining Theorem 3 and
Lemma 2.

Proof of Theorem 3. Given a real number X and a function f , let E(X) stand for the event

E(X) = {z : f(z) > X} . (18)

According to the definition of Lebesgue-Stieltjes integrals and based on the partition ΛM , for any measurable
function f ∈ F , we can rewrite the expected risk as

E(f) =
∫ B

A

f(z)dF (z) =
M+1∑
m=1

∫ βm

βm−1

f(zn)dF (z)

=
M+1∑
m=1

(
lim

K→∞

K∑

k=1

∆βm

K
P

{
f(z) > βm−1 +

k∆βm

K

})
, (19)

where P
{

f(z) > βm−1 + k∆βm

K

}
is the probability of event E

(
βm−1 + k∆βm

K

)
.

Similarly, given a sample set {zn}N
n=1 and a function f ∈ F , the corresponding empirical risk can be rewritten

as
ENf =

1
N

N∑
n=1

f(zn) = lim
K→∞

K∑

k=1

∆βm

K
ψ

{
f(z) > βm−1 +

k∆βm

K

}
, (20)

where ψ
{

f(z) > βm−1 + k∆βm

K

}
is the frequency of even E(βm−1 + k∆βm

K ) with respect to the sample set

{zn}N
n=1.

4
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Then, according to (19) and (20), for any f ∈ F , letting ∆β∗ = max1≤m≤M+1{∆βm}, we have

Ef − ENf

=
M+1∑
m=1

lim
K→∞

K∑

k=1

∆βm

K

(
P

{
f(z) > βm−1 +

k∆βm

K

}
− ψ

{
f(z) > βm−1 +

k∆βm

K

})

≤
M+1∑
m=1

(
lim

K→∞

K∑

k=1

∆βm

K
sup

tm∈[βm−1,βm)

(P {f(z) > tm} − ψ {f(z) > tm})
)

=
M+1∑
m=1

∆βm sup
tm∈[βm−1,βm)

(P {f(z) > tm} − ψ {f(z) > tm})

≤∆β∗
M+1∑
m=1

sup
tm∈[βm−1,βm)

(∫
σ{f(z)− tm}dF (z)− 1

N

N∑
n=1

σ{f(z)− tm}
)

. (21)

For any m ∈ {1, 2, · · · ,M + 1}, let

εm =
∣∣∣
∫

σ{f(z)− βm−1}dF (z)− 1
N

N∑
n=1

σ{f(z)− βm−1}
∣∣∣. (22)

According to (21), (22) and Hoeffding’s inequality (cf. [7]), for any tm ∈ [βm−1, βm), we then have

P

{∣∣∣
∫

σ{f(z)− tm}dF (z)− 1
N

N∑
n=1

σ{f(z)− tm}
∣∣∣ > εm

}
< 2e−2N(εm)2 , (23)

which implies that with probability at least 1− 2e−2N(εm)2 ,
∣∣∣
∫

σ{f(z)− tm}dF (z)− 1
N

N∑
n=1

σ{f(z)− tm}
∣∣∣ ≤ εm. (24)

According to (21) and (24), we have with the probability at least 1−∑M+1
m=1 ηm,

∫ B

A

f(zn)dF (z)− 1
N

N∑
n=1

f(zn)

≤
M+1∑
m=1

∣∣
∫

σ{f(z)− βm−1}dF (z)− 1
N

N∑
n=1

σ{f(z)− βm−1}
∣∣, (25)

where ηm = 2e−2N(εm)2 .
Therefore, by combining (21), (25) and Theorem 4.1 in [1], we have with the probability at least 1−∑M+1

m=1 ηm,

P

{
sup
f∈F

(∫
f(z)dF (z)− 1

N

N∑
n=1

f(zn)

)
> ε

}

≤P

{
M+1∑
m=1

sup
tm∈[βm−1,βm)

sup
f∈F

(∫
σ{f(z)− tm}dF (z)− 1

N

N∑
n=1

σ{f(z)− tm}
)

>
ε

∆β∗

}

≤
M+1∑
m=1

P

{
sup

tm∈[βm−1,βm)

sup
f∈F

(∫
σ{f(z)− tm}dF (z)− 1

N

N∑
n=1

σ{f(z)− βm}
)

>
ε

∆β∗

}

≤
M+1∑
m=1

P

{
sup
f∈F

(∫
σ{f(z)− βm−1}dF (z)− 1

N

N∑
n=1

σ{f(z)− βm−1}
)

>
ε

∆β∗

}

<4
M+1∑
m=1

E
(
Fβm

|S2N

)
exp

{
−

(
ε

∆β∗
− 1

N

)2

N

}
= 4E

(
FΛM

|S2N

)
exp

{
−

(
ε

∆β∗
− 1

N

)2

N

}

=4 exp






 ln E

(
FΛM

|S2N

)

N
−

(
ε

∆β∗
− 1

N

)2

 N



 . (26)

Moreover, (17) can be directly resulted from (15) and Lemma 1. This completes the proof. ¤
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5 Conclusion

In this paper, we propose the discretized VC dimension for real function classes. The discretized VC dimension
is defined based on a specific partition to segment the range of function classes. Then, we discuss the relation
between the traditional VC dimension and the discretized VC dimension and show that Sauer’s Lemma is valid
for the discretized VC dimension as well. By using the discretized VC dimension, we group the real function
classes having the infinite VC dimension into four categories. As a byproduct, we give a special version of the
discretized VC dimension - the equidistantly discretized VC dimension. Finally, we obtain error bounds for
real function classes based on the discretized VC dimension and the equidistantly discretized VC dimension,
respectively.

Acknowledgments. This work was supported by the Open Project Program of the State Key Lab of CAD&CG
(Grant No. A1006), Zhejiang University.
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Abstract. Text-independent speaker verification using adaptively weighted Mel Frequency Cepstrum Coeffi-
cients (MFCC) over multiple neighboring frames, and Gaussian Mixture for likelihood estimation is introduced.
For each registrant, optimal linear weightings of multiple speech frames are searched based on Minimum Verifi-
cation Error (MVE) learning, generalizing the scheme of the use of ∆MFCC feature which attempts to capture
inter-frame characteristics. In the verification experiments, the proposed method was found to improve the ver-
ification performance under noisy environments and use via phone line, when compared with the conventional
methods.

Keywords: text-independent speaker verification, biometric authentication, adaptive feature weighting, inter-
frame feature, MVE learning

1 Introduction

Speaker verification technology to authenticate the speaker by speech features can be useful as it does not require
special verification hardware, is less stressful for the users, and can be used from remote places across the telephone
network. However, the state of art performance still remains relatively lower when compared with the use of other
biometric modalities.

Conventional use of per-frame Mel Frequency Cepstrum Coefficient (MFCC) speech feature has been known to
be improved by the joint use of ∆MFCC feature which is the inter-frame regression coefficient of MFCC feature
[7]. There are also discriminative approaches that try adaptation of mel-cepstral feature itself [6], and adaptive
construction of the background model [3].

Recently, use of Minimum Verification Error (MVE) learning that tries to directly minimize the verification error
has been reported to improve the performance of speaker verification [12]. The scheme has been used to tuning the
weights to likelihoods [3] and speaker model parameters [2] in improving the verification performances.

This study proposes a framework of discriminative speaker verification based on speaker modeling that gener-
alizes the ∆MFCC feature approach. As a novel local feature, a set of linear weights of local MFCC coefficients
trained by Minimum Verification Error (MVE) learning is chosen for each registered person.

2 Text-independent speaker verification

Text-independent speaker verification consists of modeling and testing phases.
First in the modeling phase, for each speaker s (s = 1, . . . , N), the model of the speaker λs and the background

model λs̄ are obtained based on the speech signals. The speaker model λs uses a collection the authentic speech,
whereas the background model (Universal Background Model [11]) uses speech by various speakers (average feature)
in the training.

In the test phase, the log-likelihood ratio of input speech feature vectors to the claimed speaker model λs and
the background model λs̄ is calculated, and this value is compared to the predetermined threshold value θs. The
speaker is accepted if the value is higher than the threshold value, and is rejected otherwise. The log-likelihood ratio
is defined as

Λs(X) = log p(X | λs)− log p(X | λs̄). (1)
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where p(X | λs) is the likelihood that speech X = {x(1), . . . ,x(T )} is from the claimed speaker s giving the model
λs with x(i) being the feature vector of frame i (i = 1, 2, ..., T ). On the other hand, p(X | λs̄) is the likelihood that
speech X is not from speaker s.

The log-likelihood that the model of the claimed speaker gives the input speech collection X is

log p(X | λs) =
1
T

T∑
t=1

log p (x(t) | λs) . (2)

As the feature of each frame, Mel Frequency Cepstrum Coefficient (MFCC) is commonly used [10]. Here, the
D-component MFCC feature will be denoted as x = [c1, c2, ..., cD]′.

The likelihood of the registered speaker s for feature x ∈ RD can be modeled using the Gaussian mixture model
(GMM)[10] of M components

p(x | λs) =
M∑

j=1

wsjbsj(x). (3)

with
bsj(x) =

1

(2π)
D
2 |Σsj | 12

e{−
1
2 (x−µsj)

′(Σsj)
−1(x−µsj)}. (4)

The mixture weight wsj , component mean vector µsj , and component covariance matrix Σsj , consist the parameter
set for speaker s denoted as λs = {(ws1,µs1, Σs1), . . . , (wsM ,µsM , ΣsM )}. This set will be estimated using the
Expectation-Maximization (EM) algorithm on training speech data by speaker s [4].

3 Weighting of local MFCC features by MVE learning

It is known that the verification performance can be improved by jointly using inter-frame dynamics with per-frame
speech feature as MFCC [7]. One of the commonly used inter-frame feature is the ∆MFCC regression coefficient
which characterizes the change of MFCC[1]. However, the coefficients for linear weighting of local MFCC features
are fixed to the value of the linear regression coefficient of MFCC changes.

In this work, we attempt to remove this limitation and propose an adaptive method that searches the optimal
linear weightings of multiple frame features based on MVE learning.

3.1 Generalization of ∆MFCC feature

The inter-frame regression coefficient known as ∆MFCC is computed as a linear sum of MFCC ci [7] as,

∆ci(m) =
∑l

k=−l k · ci(m + k)
∑l

k=−l k
2

, (i = 1, . . . , D) (5)

where l and m denote the frame range in which the regression coefficient is calculated and the frame index,
respectively. Here, we propose to generalize Eq. (5), searching for an arbitrary dynamic feature for each registered
person s to improve verification precision among the linear combinations of cepstrum coefficients in local frames.
In this scheme, 2l + 1 parameters {as(−l), ..., as(l)} are adjusted to give the feature for the i-th cepstrum band in
the neighborhood of the m-th frame of the speech of the s-th registered person as

fsi(m) =
l∑

k=−l

as(k)ci(m + k). (i = 1, . . . , D) (6)

In the following, this novel feature fsi will be referred to as Filtered-MFCC (F-MFCC).

3.2 MVE training

In MVE learning, the verification error for speaker s which is the optimizing criterion is defined as,

Es = x0ls0 + x1ls1 (7)
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Fig. 1. (a) Training phase. This modification is applied to the GMM parameter set λs, coefficient vector as and threshold
θs of each registrant s (s = 1, . . . , N), iteratively. (b) Test phase to determine acceptance/rejection.

with ls0 and ls1 being the losses by false rejection and false acceptance, respectively. Parameters x0 and x1 are the
given weights to each type of error.

For each speech X, a mis-verification measure can be calculated as

ds(X) =
{−Ls(X) (X ∈ Hs0)

Ls(X) (X ∈ Hs1)
(8)

where Ls(X) denotes the log-likelihood ratio with the decision threshold θs included as another parameter defined
as

Ls(X) = log p(X | λs)− log p(X | λs̄)− θs. (9)

Hs0 and Hs1 are sets of speeches by the registered speaker s (authentic) and other speakers (impostors), respectively.
Here, the log-likelihood ratio

The losses in Eq. (7) are defined as

lsi =
1

Nsi

∑

X∈Hsi

σ(ds(X)) =
1

Nsi

∑

X∈Hsi

1
1 + e−k·ds(X)

(k > 0, i = 0, 1) (10)

which is the average mis-verification measure after scaling to unit range by a sigmoid function (σ) for each case
(i = 0, 1). Here, Nsi (i = 0, 1) are the respective speech counts.

3.3 Coefficient search based on verification error

In this work, the MVE learning will be used to search the optimal frame weight set and the decision threshold. The
frame weight vector

as = [as(−l), as(−l + 1), ..., as(l)]′ ∈ R2l+1 (11)

will be iteratively modified by steepest descent method according to verification error Es as,

a(τ+1)
s = a(τ)

s − η
∂Es

∂as
. (12)

Here, τ and η denote the time step and a positive learning constant, respectively. The initial value of vector as is
to be set to the original ∆MFCC coefficients as in Eq. (5).
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By using MFCC and F-MFCC feature vectors x = [c1, c2, ..., cD]′ and ys = [fs1, fs2, ..., fsD]′, speech X as a
collection of T frames can be characterized as,

X = {gs(1), ..., gs(T )} = [x(1)′ ys(1)′]′, . . . , [x(T )′ ys(T )′]′. (13)

Based on the definitions so far, the partial derivative in Eq. (12) can be calculated as follows.

∂Es

∂as
= x0

∂ls0
∂as

+ x1
∂ls1
∂as

= x0 · 1
Ns0

∑

X∈Hs0

{
k · σ(−Ls(X))[1− σ(−Ls(X))] ·

(
−∂Ls

∂as

)}

+x1 · 1
Ns1

∑

X∈Hs1

{
k · σ(Ls(X))[1− σ(Ls(X))] · ∂Ls

∂as

}
(14)

∂Ls

∂as
=

T∑
t=1

(
∂Ls

∂gs(t)
∂gs(t)
∂as

)
(15)

∂Ls

∂gs(t)
=

1
T

{
∂

∂gs(t)
log p(gs(t) | λs)− ∂

∂gs(t)
log p(gs(t) | λs̄)

}
(16)

∂

∂gs(t)
log p(gs(t) | λs) = −

∑M
j=1 wsjbsj (gs(t)) {gs(t)− µsj}′(Σsj)−1

∑M
j=1 wsjbsj (gs(t))

(17)

and,

∂gs(t)
∂as

=
∂

∂as
[x(t)′ ys(t)′]′. (18)

Similarly, the threshold θs in Eq. (9) can be updated in the same manner as,

θ(τ+1)
s = θ(τ)

s − ε
∂Es

∂θs
(19)

where ε denotes the positive training constant.

4 Experiment

In order to evaluate the effectiveness of the combination of the proposed feature and the training method, it was
compared with conventional methods of verification using a publicly available speech dataset.

4.1 Dataset

In the experiments, TIMIT [5] and NTIMIT [8] speech datasets were used. TIMIT includes speech of English text
by 630 speakers recorded in a controlled environment. NTIMIT is a re-recording of the TIMIT dataset through a
telephone line. All speech data were coded in linear-PCM with the rate/level of 16kHz/16bits. In order to evaluate
the robustness against noise, TIMIT data with additive white noise controlled to signal-to-noise ratio (SNR) of
30dB and 20dB were used in addition to the noiseless data (∞dB).

4.2 Evaluation measure

For evaluation of the verification results, Detection Cost Function (DCF) employed in NIST Speaker Recognition
Evaluations (NIST-SRE) [9] was used. By assuming an equal cost to false rejection and false acceptance, and equal
prior probability of authentic and impostor verification attempts, the DCF used here was

CDCF = 0.5PMiss + 0.5PFalseAlarm (20)

where PMiss and PFalseAlarm denote the probabilities of false acceptance and false rejection, respectively.
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Table 1. Feature set and training conditions

Feature Feature dim. MVE learning other

MFCC 12 Learn θs. Use on testing.
MFCC+∆MFCC[7] 24 Learn θs Use on testing. l = 2
MFCC+F-MFCC 24 Learn as and θs. Use on testing. l = 2

Table 2. Speech data conditions common to TIMIT(∞,30,20dB) and NTIMIT

Condition Training phase Verification phase

Registrants(gender) 40(M:20, F:20) 40(M:20, F:20)
Speaker 40 (Na:40) 80 (Na:40, Nu:40)
Speech per speaker 1 5
Speech length 15sec 3sec
Total speech 40 400
Total verification 1600 (na:40, nb:1560) 16000 (na:200, nb:7800, nu:8000)

Na : Registered speakers, Nu : Non-registered speakers,
na : Authentic verifications, nb : Non-authentic verification by registrants,
nu : Non-authentic verification by non-registrants

4.3 Procedure

Verification methods using MFCC frame feature (MFCC), joint use of MFCC and ∆MFCC (MFCC+∆MFCC),
and MFCC with the proposed F-MFCC feature (MFCC+F-MFCC) were tested over TIMIT (∞dB, 30dB, 20dB)
and NTIMIT (∞dB) data. Each registered speaker was modeled with the training speech with respective noise
levels, and then the MVE learning was applied to threshold (θs) and weight vector (as), as shown in Fig. 1 and
Table 1. The number of Gaussian components was determined according to preliminary experiments as M = 8,
and the initial values θs = 0 and as set to ∆MFCC coefficients in Eq. (5) were used. Evaluation loss weights in Eq.
(7) were set to x0 = x1 = 0.5. Other conditions regarding the speech data in training and test phases are shown in
Table 2.

4.4 Results

The verification results for the combination of feature and data are shown in Table 3. It is clear that by using the
proposed F-MFCC features, the verification performance can be improved for different noise conditions and voice
over a phone line. However, there still is room for improvement in speaker modeling and parameter training process,
as in Fig. 2, separability of classes in the test set are not as clear as in the training set, showing signs of overtraining.

5 Conclusion

Speaker verification using weighted local MFCC features tuned by Minimum Verification Error (MVE) training
was proposed. The core idea was to determine the optimal frame coefficient parameter to minimize the verification
error. In the experiments, it was shown that this mechanism gives lower verification error than the conventional
methods under clean and noisy environments, including authentication via a telephone line.

Table 3. DCF scores (CDCF )

Feature \Data TIMIT(∞dB) TIMIT(30dB) TIMIT(20dB) NTIMIT(∞dB)

MFCC 0.0266 0.0516 0.1223 0.1130
MFCC+∆MFCC 0.0248 0.0497 0.1147 0.1004
MFCC+F-MFCC 0.0213 0.0489 0.1116 0.0982

11

Volume 12, No. 3 Australian Journal of Intelligent Information Processing Systems



0

100

200

300

400

500

600

1110 9 8 7 6 5 4 3 2 1 0 1 2 3 4

0

10

20

30

40

50

60

70

11 10 9 8 7 6 5 4 3 2 1 0 1 2 3 4

(a) (b)Log-likelihood ratio

C
o
u
n
t

C
o
u
n
t

Log-likelihood ratio

Imposter

Authentic

Imposter

Authentic

Fig. 2. Histogram of log-likelihood for authentics and impostors : TIMIT(∞dB) data. (a) Training set, (b) Test set.

References

1. Bimbot F. et al.: A tutorial on text-independent speaker verification. EURASIP Journal on Applied Signal Processing
2004(4), 430–451 (2004)

2. Chao, Y.H., Tsai, W.H., Wang, H.M.: Improving GMM-UBM speaker verification using discriminative feedback adap-
tation. Computer Speech and Language 23(3), 376–388 (2009)

3. Chao, Y.H., Tsai, W.H., Wang, H.M., Chang, R.C.: Improving the characterization of the alternative hypothesis via
minimum verification error training with applications to speaker verification. Pattern Recognition 42(7), 1351–1360
(2009)

4. Dempster, A.P., Laird, N.M., Rubin, D.B.: Maximum likelihood from incomplete data via the EM algorithm. Journal of
the Royal Stat. Soc. (B) 39(1), 1–38 (1977)

5. Fisher, W.M., Doddington, G.R., Goudie-Marshall, K.M.: The darpa speech recognition research database: Specifications
and status. In: Proceedings of DARPA Speech Recognition Workshop. pp. 93–99. California, USA (1986)

6. Fukada, T., Tokuda, K., Kobayashi, T., Imai, S.: An adaptive algorithm for mel-cepstral analysis of speech. Proc.
ICASSP92 1, 137–140 (1992)

7. Furui, S.: Comparison of speaker recognition methods using static features and dynamic features. IEEE Trans. Acoustics,
Speech and Sig. Pro. 29(3), 342–350 (1981)

8. Jankowski, C., Kalyanswamy, A., Basson, S., Spitz, J.: Ntimit: a phonetically balanced, continuous speech, telephoneband-
width speech database. In: IEEE International Conference on Acoustics, Speech, and Signal Processing 1990. pp. 109–112.
Albuquerque, USA (1990)

9. National Institute of Standards and Technology: Speaker recognition evaluation.
http://www.itl.nist.gov/iad/mig/tests/sre/

10. Reynolds, D.A.: Speaker identification and verification using Gaussian mixture speaker models. Speech Communication
17(1-2), 91–108 (1995)

11. Reynolds, D.A., Quatieri, T.F., Dunn, R.B.: Speaker verification using adapted Gaussian mixture models. Digital Signal
Processing 10, 19–41 (2000)

12. Rosenberg, A.E., Siohan, O., Parthasarathy, S.: Speaker verification using minimum verification error training. In: IEEE
International Conference on Acoustics, Speech, and Signal Processing 1998. pp. 105–108. Seattle, USA (1998)

12

Volume 12, No. 3 Australian Journal of Intelligent Information Processing Systems



Topological Collaborative Clustering

Nistor Grozavu, Younès Bennani?

LIPN-UMR 7030, Paris 13 University
99, av. J-B Clément, 93430 Villetaneuse, France

email: {firstname.secondname}@lipn.univ-paris13.fr

Abstract. This work presents a collaborative clustering approach, allowing to take into account another classifications
results without recourse to the data in an unsupervised learning context. The approach is presented in the case of
Kohonen Self-Organizing Maps and valid for all prototypes based classifications. Having a collection of distributed
datasets on several different sites, the problem is to cluster each of these datasets by considering only the local data and
the distant classifications from other collaborative datasets, without sharing the data among different centers (datasets).
For this purpose, our approach is divided into two steps: a local and a collaboration step. The local step uses the classical
algorithm of Kohonen, local and independently on each of datasets, which will result in obtaining a SOM map (Self
Organizing Map) for each of those bases. The collaboration step would be collaborating each dataset with all the SOM
maps associated with other databases obtained from the local step. The article presents the formalism of the approach
and its validation.

1 Introduction

In this work we address the problem of clustering and specifically the collaborative clustering using prototypes based clas-
sification models allowing visualization of discovered clusters. With a collection of distributed data on several different
sites, the problem is to cluster each of these datasets by considering only the local data and the clustering results obtained
from other sites in order to enhance/enrich the local classification, without the need for sharing data between different
centers.
We propose two approaches for the collaborative clustering between several classifications from multiple distant datasets.
The first method is the horizontal approach for collaboration of datasets that describe the same objects but with different
variables. This approach can be seen as a multi-view clustering where the treatment is done on multi-represented data,
i.e. the same set of objects described by several representations (variables). The second collaborative approach is called
vertical for the collaboration of several datasets containing the same variables but with different objects. During the col-
laboration step, we do not need the datasets but only of the results of distant classifications. Thus, each site uses its dataset
and the information from other classifications, which would provide a new classification that is as close as possible to that
which would be obtained if we had centralized the datasets and then make a clustering.
In this study, we assume that we have a collection of existing datasets at different sites. This could include data describ-
ing customers of banking institutions, stores, or medical organizations. The datasets could include data about different
individuals. They could represent the same people but with different descriptors (variables), reflecting the activities of the
organization. The ultimate goal of every organization is to find out some key relationships in the dataset. This discovering
could be finest by taking into account the dependencies between the different analysis carried out by various sites, in order
to produce an accurate view of the global hidden structure in different datasets without having direct access.
The Collaborative Classification is an emerging problem in data mining and only some work on this subject have been
made in the literature [CK1, P1, PR1, SG1]. The approach proposed in this paper is based on the work on the Fuzzy
c-means collaborative clustering [P1, PR1] and introduces the concept of the self-organization firstly introduced in the
self-organizing maps of Kohonen (SOM: Self Organizing Maps) [K1].
The rest of this paper is organized as follows: we present the principle of collaborative classification in Section 2. Our
proposed collaborative approaches (vertical and horizontal) are presented in sections 2.1 and 2.2. In Sections 3 and 4, we
present different results and, finally the paper ends with a conclusion and some future works for the proposed methods.

2 Collaborative Clustering

According to the structure of datasets to collaborate, there are three main types of collaboration principle: horizontal,
vertical and hybrid collaboration [P1, PR1]. In this work, we are particularly interested in horizontal and vertical collabo-
rations.
Horizontal collaboration is most difficult, since in such cases, the datasets are described in different spaces: each dataset is
described by different variables, but has the same observations (objects) as other datasets. In this case the problem is how

? Senior Member, IEEE
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to collaborate the clusters derived out of a set of classifications from different characteristics? The vertical collaboration
consist in collaborating the clustering results obtained from different datasets described by the same variables, but having
different observations.
In this work, we study the collaboration between several clustering results, especially the collaboration between several
self-organizing maps.

2.1 Horizontal collaboration

In the case of a horizontal clustering, all datasets are described by the same observations but in different spaces of de-
scription (described by different variables): the same number of objects but a different number of variables. The main idea
of the horizontal collaboration principle between different SOM maps is that if an observation from the ii-th dataset is
projected on the j-th neuron in the ii-th SOM map, then that same observation in the jj-th dataset will be projected on
the same j neuron of the jj-th map or one of its neighboring neurons. In other words, neurons that correspond to different
maps should capture the same observations. Therefore we added to the classical SOM objective function an additional
term reflecting the principle of collaboration:

R
[ii]
H (χ,w) = R

[ii]
SOM (χ,w) + R

[ii]
ColH

(χ,w) (1)

with

R
[ii]
SOM (χ,w) =

N∑
i=1

|w|∑
j=1

K
[ii]
σ(j,χ(xi))

‖x[ii]
i − w

[ii]
j ‖2 (2)

R
[ii]
ColH

(χ,w) =
P∑

jj=1,jj 6=ii

α
[jj]
[ii]

N∑
i=1

|w|∑
j=1

(
K

[ii]
σ(j,χ(xi))

−K
[jj]
σ(j,χ(xi))

)2

‖x[ii]
i − w

[ii]
j ‖2

where P represents the number of datasets (or the classifications), N - the number of observations, |w| is the number of
prototype vectors from the ii-th SOM map (the number of neurons). χ (xi) is the assignment function which allows to
find the Best Matching Unit (BMU), it selects the neuron with the closest prototype from the data xi using the Euclidean
distance. K

[cc]
σ(i,j) is the neighborhood function on the SOM [cc] map between two cells i and j.

Algorithm 1: The horizontal collaboration algorithm

Fix the collaboration matrix α
[jj]

[ii]

1. Local step:
For each dataset BD[ii], ii = 1 to P :

Find the prototypes minimizing the classical SOM objective function:

w∗ = arg min
w

[
R

[ii]
SOM (χ, w)

]
2. Collaboration step:
For the horizontal collaboration of the [ii]-th map with the [jj]-th map:

Update the prototypes of the [ii]-th map minimizing the objective function of the horizontal collaboration:

w
∗[ii]
jk =

N∑
i=1

K
[ii]

σ(j,χ(xi))
x

[ii]
ik +

P∑
jj=1,jj 6=ii

N∑
i=1

α
[jj]

[ii]

(
K

[ii]

σ(j,χ(xi))
−K

[jj]

σ(j,χ(xi))

)2

x
[ii]
ik

N∑
i=1

K
[ii]

σ(j,χ(xi))
+

P∑
jj=1,jj 6=ii

N∑
i=1

α
[jj]

[ii]

(
K

[ii]

σ(j,χ(xi))
−K

[jj]

σ(j,χ(xi))

)2

The nature of the neighborhood function K
[cc]
σ(i,j) is identical for all the maps, but its value changes from one map to

another: it depends on the closest prototype to the observation that is not necessarily the same for all the SOM maps.
Indeed, during the collaboration with a SOM map, the algorithm takes into account the prototypes of the map and its
topology (the neighborhood function). The horizontal collaboration algorithm is presented in Algorithm 1. The prototype
vector (w∗[ii]

jk ) updating is an iterative updating using a fixed number of iterations (t parameter).
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2.2 Vertical collaboration

Contrarily to the horizontal collaboration, in the vertical case, all the datasets have the same variables (same description
space), but have different observations. In this case, the observations of these datasets are of equal size, and the size
of prototype vectors for all the SOM maps will be the same. The basic idea of the collaboration in this case is the
following: a neuron j of ii-th SOM map and the same neuron j of the jj-th map should be very similar using the
Euclidean distance.

Algorithm 2: Vertical Collaboration algorithm

Fix the collaboration parameter α
[jj]

[ii]

1. Local step:
For each dataset BD[ii], ii = 1 to P :

Find the prototypes minimizing the classical SOM objective function:

w∗ = arg min
w

[
R

[ii]
SOM (χ, w)

]
2. Collaboration step:
For the vertical collaboration of the [ii]-th map with the map [jj]:

Update the prototypes of the [ii]-th map minimizing the objective function of the vertical collaboration:

w
∗[ii]
jk =

N [ii]∑
i=1

K
[ii]

σ(j,χ(xi))
x

[ii]
ik +

P∑
jj=1,jj 6=ii

N [ii]∑
i=1

α
[jj]

[ii]

(
K

[ii]

σ(j,χ(xi))
−K

[jj]

σ(j,χ(xi))

)2

w
[jj]
ik

N∑
i=1

K
[ii]

σ(j,χ(xi))
+

P∑
jj=1,jj 6=ii

N∑
i=1

α
[jj]

[ii]

(
K

[ii]

σ(j,χ(xi))
−K

[jj]

σ(j,χ(xi))

)2

In other words, neurons that correspond to the different maps should represent groups of similar observations. Formally,
we have achieved the following new objective function:

R
[ii]
V (χ,w) = R

[ii]
SOM (χ,w) + R

[ii]
ColV

(χ,w) (3)

with

R
[ii]
ColV

(χ,w) =
P∑

jj=1,jj 6=ii

α
[jj]
[ii]

N [ii]∑
i=1

|w|∑
j=1

(
K

[ii]
σ(j,χ(xi))

−K
[jj]
σ(j,χ(xi))

)2

‖w[ii]
j − w

[jj]
j ‖2

The vertical collaborative learning algorithm in this case arises under the scheme given by Algorithm 2. As for the
horizontal collaboration, in this case the updating of the prototype vector (w∗[ii]

jk ) is made for each fixed t iteration during
the collaboration step.

3 Experimental results

To evaluate our proposed collaborative approaches we used several datasets of different size and complexity. Especially in
the validation, we will give more details on the waveform dataset to illustrate the principle of the proposed approaches. The
used datasets are the following: waveform, Wisconsin Diagnostic Breast Cancer (wdbc), Isolet, Madelon and Spambase
[AN1].
As criteria to validate our approach we used the quantization error (distortion) [K1, JMF1] on many maps of different
sizes and the purity index [VA1] for each SOM map.

4 Interpretation of the approach on the Waveform dataset

To simplify the interpretation of the collaboration principle, in this example, we place us in the case of a collaboration
between four sites.

We divided the waveform dataset size 5, 000 × 40 in four databases: the first and the second part of the dataset
2 × (5000 × 10) which correspond to all the relevant variables and the third and fourth part 2 × (5000 × 10) containing
the noisy set of variables. Note that the first 20 variables from the waveform dataset correspond to relevant features and
the last 20 - to noisy variables. We use these four datasets to show the whole process that would collaborate these data in
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(a) SOM1 (b) SOM2

(c) SOM3 (d) SOM4

Fig. 1. Visualization of the prototypes after the first local step (classical SOM)

a horizontal manner. The collaboration matrix has been set to identity to give the same confidence for different sites. The
structure of the SOM maps to learn for each of the dataset is also fixed. We selected SOM maps of size 10× 10. Then we
achieved the local step of the proposed approach on all four datasets which is to learn a SOM map for all observations of
these datasets.

The Figure 1 represents the prototypes vectors obtained on all the four datasets after the local step of the new learning
approach. For all the figures, both axes X and Y represent respectively the indices of variables and prototypes for these
maps. The figure 1(a) and 1(b) correspond to the maps which contain the relevant variables from the waveform dataset
(1-20) which are represented by the red (darker) color and have an index of purity of 75.71% and 79.61% respectively.
Thereafter we applied the principle of the horizontal collaboration to exchange the clustering information between all the
maps without using the original data. The Figure 2 illustrate an example of the collaboration between the 1st and 4th
datasets. After the collaboration of the first dataset with the irrelevant SOM4 map, the purity index decreased to 64.17%
(Figure 2(a)) because the SOM1 map (75.71%) has used the information from a noisy map (SOM4) with a very low purity
index (51.26%). Contrarily, by applying the collaboration step in the opposite direction, the purity index of the SOM4→1

map increased to 56.18% (Figure 2(b)) thanks to the collaboration with the relevant SOM1 map (75.71% of purity).

(a) SOM1→4 (64.17%) (b) SOM4→1 (56.18%) (c) SOM1→4(2) (66.84%)

Fig. 2. Horizontal collaboration between the datasets 1 and 4 with their indices of purity

The collaboration of a noisy map with a relevant map leads to an improvement in its quality (the purity index). To
increase the influence of the relevant map in the collaborative process, the collaboration parameter must be improved for
the map with a higher purity and decreased for the irrelevant map to weaken its contribution during the collaboration
learning process.
For example, through a collaboration between the irrelevant SOM4 map and the relevant SOM1 map with the collaboration
index fixed to [0.2, 8] we have improved the purity index from 51.26% to 66.84% contrarily to 56.18% with α=[1, 1].
This transformation can be observed on the prototypes of the map shown in Figure 2(c) in comparison with the map of
the Figure 2(b). The collaborative process changes the noisy variables (Figure 1(d)) into relevant variables (Figure 2(c)).

In the case of vertical collaboration based on waveform dataset, we divided this database into 4 sets, but unlike the
horizontal collaboration, the division was made randomly on the observations. We therefore obtained four datasets of
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size 1250 × 40 and we set the collaboration parameter to 1 (identical in the both directions). We note that in most cases,
the purity index increases for the maps obtained after the collaboration with the most relevant maps, as is the case for
SOM2→1 (from 87.75% to 87.93%), SOM3→4 (from 90.04% to 91.12%), SOM1→4 (from 87.75% to 88.46%) and
SOM2→3 (from 87.75% to 87.93%).

4.1 Validation on other datasets

We applied the same experimental protocol to other datasets and all computed indices are presented in Table 1, for
horizontal and vertical collaboration respectively.

Table 1. Experimental results on different datasets

Dataset Map horizontal collaboration vertical collaboration
Purity qe Purity qe

Wdbc SOM1 94.95 1.99 96.71 90.54
SOM2 97.27 2.07 97.87 67.60

SOM1→2 95.77 1.84 96.99 71.49
SOM2→1 97.32 1.94 97.49 61.47

Isolet 5x5 SOM1 81.20 12.61 98.85 8.19
SOM2 95.12 14.45 98.46 8.76

SOM1→2 81.39 12.21 79.54 8.34
SOM2→1 96.06 14.18 98.30 8.78

Madelon SOM1 60.88 15.58 69.71 61.23
SOM2 62.64 15.50 69.87 61.15

SOM1→2 61.01 15.48 74.57 59.59
SOM2→1 63.57 15.40 70.71 59.55

SpamBase SOM1 83.86 3.45 76.26 61.83
SOM2 85.72 2.55 70.43 48.27

SOM1→2 84.17 3.23 72.28 45.98
SOM2→1 83.59 2.41 69.78 36.74

From the Table 1, we note that the purity index of the SOM maps after the horizontal collaboration increases for each
dataset and the quantization error (qe) decreases. This is due to the use of the information from the maps related to the
collaborative datasets.
For the vertical collaboration approach, these results show that the purity of maps and the quantization error is not always
improved when collaborating the maps, and depends strongly on the relevance of the collaborative map (the quality of the
collaborative classification) and on the confidence on this map (the collaboration parameter). This conclusion corresponds
to the intuitive understanding of the principle and to the consequences of such cooperation.
In this section, we pointed out that our two proposed approaches: horizontal and vertical collaborative clustering often im-
prove the quality of the maps (the purity index and the quantization error) after the collaboration, which is very promising
for a collaborative clustering process from distant sites.

5 Conclusions

The collaborative classification allows the interaction between the different sources of information for the purpose to de-
tect)the underlying structures and the regularities from the datasets. In this study, the proposed collaborative approaches
have been designed under the assumption that each dataset has the same number of prototypes. Although not particularly
limited, in some cases, this condition could be relaxed.
We have proposed two approaches for collaborative clustering between several classifications from multiple distant
datasets. The proposed horizontal learning approach is adapted for collaboration between datasets that describe the same
observations but with different variables. Contrarily, the vertical collaborative learning approach is adapted to the problem
of collaboration of several datasets containing the same variables but with different observations. During the collaboration
step, we do not need the datasets but only the results of the distant classifications. Thus, each site uses its dataset and the
information from other classifications, which would provide a new classification that is as close as possible to that which
would be obtained if we had centralized the datasets. Several perspectives can be considered for this work as: to estimate
the confidence parameters during the collaborative learning process, instead of fixing them; to combine the horizontal and
the vertical collaborative approach in order to design a new hybrid collaborative approach; to fusion all the classifications
obtained after the collaboration and to build a consensus classification for all the distant sites.
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Abstract. In many cases, the statistical learning methods used for solving the face recognition problem tend to be 

overfitted to the training data. It is because of small number of individual faces and large number of features in the 

face space. Utilizing a single subspace, these methods can also suffer from different intra-personal variations. One 

way for handling these problems is to construct multiple  subspaces from the original face space. In this paper a novel 

ensemble framework based on random subspace method is presented. We focus on Fisherface-based face recognition 

approach and propose to use classifier selection methodology to improve the random subspace LDA technique. Our 

method uses a small subset of complementary classifiers from the pool of randomly generated classifiers and by 

combining their decisions via a trainable combiner (Mixture of Experts), tries to achieve high classification accuracy 

with lower operating complexity. Experiments on the Cohn-Kanade Expression Database demonstrate the satisfactory 

performance of the proposed method as compared to Eigenface, Fisherface and random subspace LDA methods.   

Keywords: Face recognition, random subspace method, classifier selection,     Mixture of Experts 

1   Introduction 

Face recognition is an active research area and has gained much attention recently. In many security applications, the 

human face plays an important role as a biometric source of information. A facial image can be easily acquired and 

provides a direct, friendly and convenient way for identification. However, face recognition is still a challenging task 

and suffers from many common problems of intra-personal variations under pose, illumination, facial expressions and 

so forth. 

Linear discriminant analysis (LDA) is a popular and well-known feature extraction approach for face recognition. It 

finds a set of projection vectors maximizing the between-class scatter matrix while minimizing the within-class scatter 

matrix in the projective feature space. But as a statistical learning method, LDA can suffer from the following problems 

when is used for solving the face recognition problem. First, the number of required examples for obtaining a favorable 

performance exponentially grows with the dimension of the feature space and since there are not enough face images in 

most cases, the within-class scatter matrix is often singular. Second, the performance of LDA is biased and sensitive to 

subspace dimension. Another problem may also arise when a single projection subspace is used for recognizing faces 

with different intra-personal variations. 

One way for dealing with these problems is to construct multiple subspaces from the original space. An example is 

the random subspace technique [1,2] where a set of low dimensional subspaces is produced by randomly sampling from 

the original  high dimensional feature space. A classifier is then constructed using each random subspace and by fusing 

the results of all classifiers, final decision about the class of a given test image is made. In [2] authors addressed the 

overfitting problem of the Fisherface [3] method and proposed to improve its performance by applying random 

subspace to reduce the feature vector dimension. In this way, a subspace with a smaller dimension than the original 

feature space is achieved while the number of training objects remains the same. Moreover, by allowing all nonzero 

eigenvectors to contribute in subspace construction, their method took advantage of preserving a large amount of 

discriminative information. However, since a large set of LDA classifiers is used in the ensemble network, this 

approach suffers from the operating complexity.   

In this paper, we suggest using classifier selection methodology and aggregating the outputs of the selected 

classifiers by a trainable combiner, to improve the random subspace LDA method [2]. Our model uses a small subset of 

complementary LDA classifiers and tries to achieve high classification accuracy with lower operating complexity. We 

investigate the performance of the proposed method in classifying faces with different facial expressions. Intra-personal 

facial expression variations can degrade the performance of a face recognition system and can be considered as a 

challenging problem for methods that use a single classifier constructed from the original training set in the complete 

feature space. 
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The rest of this paper is organized as follow. Section 2 briefly reviews the random subspace LDA  method. Details of 

our proposed method are described in Section 3. It is followed by the experimental results in Section 4 and finally, 

Section 5 draws conclusion and summarizes the paper. 

2   Random Subspace LDA 

In this section, we will briefly describe random subspace LDA (RS-LDA) method using the same notation as in [2]. 

Let
1

{ }
M

i i
x


be a set of M training samples each belonging to one of L classes 

1
{ }

L

j j
C


. The RS-LDA is composed of 

three steps in the training phase: 

Step 1: Apply PCA [4] to obtain M-1 eigenfaces 
1 -1

{ ,..., }
Mt

U u u with nonzero eigenvalues to build random 

subspaces.    

Step 2: Create K random subspaces 
1

{ }
K

i i
S


. Each random subspace is made from N0+N1 dimensions where the first 

N0 dimensions are fixed as the N0 largest eigenfaces in Ut and the remaining N1 dimensions are randomly selected from 

the other M -1- N0 eigenfaces in Ut .  

Step 3: Construct KLDA classifiers from K random subspaces.   

At the test phase: 

Step 1: Project the face images to K random subspaces and apply to KLDA classifiers in parallel. 

Step 2: Combine the outputs of the KLDA classifiers with a fusion rule for final decision making. 

3   The Proposed Method 

As suggested in [2], the performance of the RS-LDA method can be improved by (i) choosing a small subset of 

complementary classifiers from the KLDA classifiers and, (ii) utilizing more complex combination algorithms than 

fixed fusion rules for combining multiple LDA classifiers. Here, we propose to select an ensemble network of size P (P 

< K) from the pool of classifiers (KLDA classifiers) obtained at the end of the training phase of the RS-LDA. We use 

the classifier selection methodology and aggregate the outputs of the selected classifiers with a trainable combiner.  

We randomly select ( / )Q K P  ensemble networks without replacement from the classifier pool. The quality of the 

ensemble networks are then assessed using Majority Voting Error (MVE) criterion. The MVE selects classifiers 

according to combined performance which is a precise and meaningful selection criterion and allows to consistently 

compare different classifier subsets regardless of the number of classifiers and their individual performances [5]. 

Another popular approach for classifier selection is to utilize diversity measures in which the level of agreement (or 

disagreement) between classifiers is measured and the most diverse subset of classifiers is picked [6]. However, based 

on extensive experimental studies [6-8], there is weak correlation between diversity measures and combiner error while 

methods that use combined performance directly, can provide satisfactory classification results. In addition, as argued in 

[5], virtually all search algorithms work well with combiner error as selection criterion while one of the drawbacks of 

using diversity measures is that the performances of most of them are dependent to the size of the ensemble network 

which means they may mislead the search algorithm. So, we decide to use the MVE as classifier selection criterion. 

Utilizing a validation set, the optimal ensemble network can be found by the selection method. The MVE is briefly 

reviewed in the following.  

Let 
1

{ , ..., }
P

D D D be a system of P classifiers and let 
1

{ }
M

i i
x


 be a data set containing  M  labeled data. Let 

1
[ , ..., ]

Pi i i
y y y denote the joint output of the system for the ith input sample xi, where yij denotes the output of the jth 

classifier for the ith input sample and it is defined to be 0 if Dj recognizes xi correctly and 1 otherwise. 

For an individual sample xi given to the ensemble system, the majority voting returns the following outputs, 
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the MVE can then be computed as, 

                                          1

1
MVE = 

M

MV

i

i

y
M 

                                            (2)    

We use the distance weighted k-nearest neighbor rule proposed by Dudani [9] as base classifier. Given the k-nearest 

neighbors 
1
,  ...,  

k
x x of x and 

1
,...,

k
d d the corresponding distances arranged in increasing order, Dudani has 

proposed to assign to the ith nearest neighbor, xi , a weight wi defined as 
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The unknown pattern x is then assigned to the class for which the weights of the representatives among the k-nearest 

neighbors sum to the greatest value. Unlike the voted k-nearest neighbor rule [10] that assigns a given sample to the 

class represented by a majority of its k-nearest neighbors in the training set, the distance weighted k-nearest neighbor 

attributes to each class, in its k-nearest neighbor set, a confidence measure value representing the degree to which the 

input sample has that class label. Therefore, the combination methods that use the decisions of the base classifiers in the 

measurement level can be employed. 

 

3.1 The Mixture of Experts Framework 

 

As illustrated in Fig .1, the Mixture of experts (MoE) ensemble model [11] is composed of a number of experts and a 

gating network.  

 

 
Fig. 1. Architecture of the typical Mixture of Experts framework. 

 

The MoE uses a trainable combination rule and works with the supervision of the gating network which decides the 

combination of experts best suited to deal with a given input. This ensemble model is the most famous method in the 

category of dynamic structures of classifier combining, in which the input signal is directly involved in actuating the 

mechanism that integrates the outputs of the individual experts into an overall output [12]. 

For a given sample x, the final output of the entire network can be calculated as the weighted average of the experts’ 

outputs, that is  

1

( ) ( ) ( ) (4)

P

i i

i

O x g x O x


  

where Oi(x) is the output of the ith expert and gi is the proportion that the ith expert contributed to the output, which is 

determined by the gating network. The set of gating probabilities for the input sample x is expressed in a vector 

(g1,...,gP) and always satisfies the following constraints: gi(x) ≥ 0,  i = 1,...,P, and 
1

( ) 1
P

ii
g x


 . By applying the 

softmax function to the output of the gating network, Og , the coefficients gi can be defined as 

1

exp

exp

( )
( ) 1,..., (5)

( )
i P

i

gi

gi

O
g x i P

O


 


 

where P is the number of experts. So the gj are nonnegative and sum to 1. 

In the conventional MoE, all experts use the same feature space and, with the supervision of the gating network, they 

can achieve expertise over different regions of the feature space. Another approach for constructing a MoE model with 

a set of diverse experts is to use different representations of the data and train each expert on one of these feature 

spaces. An example of employing diverse feature sets in the MoE framework is the work presented by Chen [13] where 

K diverse feature sets extracted from the raw data were applied to N experts in parallel. Recently Ebrahimpour et al. 

[14] proposed to use teacher directed learning, TDL, in the MoE structure for solving the view-independent face 

recognition problem. They forced each expert towards a particular partition corresponding to predetermined views and 

trained the gating network essentially to decide which expert to choose in identifying a given input image. 

Inspired by [13, 14], we suggest to incorporate P subspaces, picked in the subspace selection phase, in the MoE 

framework and apply them to P experts. Since an ensemble system can provide satisfactory results compared to those of 

a single classifier, an ensemble based gating network composed of a number of Multilayer perceptron (MLP) neural 

networks is used in our MoE structure (Fig. 2).  

Let for a MoE network with P experts, there is an ensemble of Ng neural networks in the gating network and let for a 

given input sample x, 1, ...,( ), ,
ij g

j Ng x  denotes the outputs of the jth MLP of the gating network after applying 

suftmax function. By employing Average as the aggregating operator, the output of the ensemble gating network is 

defined by 
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Fig. 2. Overall structure of the ensemble gating network used in the MoE model. The input sample is applied to Ng neural networks 

and by aggregating the outputs of the MLPs, the final output of the gating network is achieved. 

 

 

Since the distance weighted k-nearest neighbor is employed as base classifier, the need for training the MoE's experts 

is removed and the validation set is used for training the MLPs of the gating network. A subset of n0 features is selected 

from N0+N1 features used by each expert and by concatenating the P selected feature subsets, the input vector of the 

gating network is made. Because N0 features are used by all experts in common, we select the first n0 features of the 

remaining N1 features from each subspace. In this way, the representations of an input sample x in the P subspaces is 

encoded by a vector of length P×n0 and the gating network can properly learn the decisions of the experts about this 

sample. 

4   Experimental Results  

Experiments were conducted on the Cohn-Kanade AU-Coded Facial Expression Database [15].The dataset consists of 

video sequences that begin with neutral expression and end with target peak expressions. In our simulations, we used 50 

individuals of this database displaying four, five or six facial expressions. For each person, a set of 30 face images 

(containing three neutral images) was selected and three, six and 21 images were taken randomly for train, validation 

and test, respectively. The experiments were repeated 10 times for each randomly partitioned dataset. In a preprocessing 

procedure, images were registered such that the centers of the eyes were placed on specific pixels. They were cropped, 

rescaled to size 66×50 and then normalized for illumination variations using histogram equalization method. A sample 

of the standardized images is shown in Fig. 3. 

 

 
Fig. 3. Typical standard images, (a) Neutral, (b) Surprise, (c), Happy, (d) Sad, (e) Disgust, (f) Anger, (g) Fear. 

 

The performance of the proposed method is compared against Eigenface, Fisherface and the RS-LDA. The 

parameters that affect the classification performance of each method were tuned using the validation set. For the 

Eigenface method, the number of features was varied from a small value to the maximum available features (149 

nonzero eigenfaces) and 131 first eigenfaces were used. The number of features used for Fisherface was L - 1 where L 

was the number of classes (50 classes in our problem).  The RS-LDA was run with N0+N1 = 49 features where N0 (the 

number of fixed eigenvectors) was varied in {10,20,30}. K = 100 classifiers were generated and the decisions of the 

KLDA classifiers were then combined by four fixed combination methods including Majority vote(MAJ), Maximum 

(MAX), Product (PRO) and Average (AVR). The maximum classification rate was achieved with N0 = 20. In our model, 

the ensemble size was chosen to be P = 5. The input vector of the gating network was produced by selecting n0 = 10 

features from each subspace and a vector of length 50 was achieved. Three MLPs were used in the gating module and 

they were trained by the resilient back-propagation (RP) algorithm with default parameters and 50 epochs of training. 

Each neural network had one hidden layer and was trained 20 times with random initializations. The number of hidden 

neurons was varied between 5 and 35; the best results were obtained with 25 hidden neurons.  

The average classification accuracies and standard deviations of the incorporated methods are compared in Table 1. 

Note that for our method, the decisions of the selected classifiers were also combined with the fixed combination 

methods.  

Table 1.  Average classification rates (%) of Eigenface, Fisherface, the RS-LDA and our proposed method as a function of number 

of k-nearest neighbors. 

No. of ks 1 2 3 4 5 6 7 8 9 10 
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Eigenface 82.11

± 4.1 

82.11 

± 4.1 

82.11 

± 4.1 

82.11 

± 4.3 

82.16 

± 4.4 

82.24 

± 4.5 

82.36 

± 4.5 

82.39 

± 4.7 

82.43 

± 4.7 

82.46 

± 4.8 

Fisherface 87.74

± 2.1 

87.74 

± 2.1 

87.74 

± 2.1 

87.88 

± 2.1 

88.08 

± 2.2 

88.24 

± 2.3 

88.22 

± 2.2 

88.27 

± 2.2 

88.26 

± 2.3 

88.21 

± 2.4 

RS-LDA           

MAJ 95.46

± 1.6 
95.46 

± 1.6 

95.46 

± 1.6 

95.48

± 1.5 

95.47

± 1.6 

95.47

± 1.5 

95.45

± 1.6 

95.42

± 1.6 

95.40

± 1.6 

95.41 

± 1.5 

MAX 93.12

± 2.3 
93.12 

± 2.3 

93.86 

± 2.5 

94.10

± 1.8 

93.65

± 2.1 

93.47

± 2.2 

93.17

± 2.4 

92.96

± 2.5 

92.88

± 2.5 

92.73 

± 2.6 

PRO 74.78

± 4.2 
74.78

± 4.2 
81.48

± 4.4 
85.24

± 3.5 
87.18

± 3.6 
88.47

± 3.3 
89.57

± 3.1 
90.47

± 3 
91.26

± 2.8 
91.81 

   ± 2.5 
AVR 95.46

± 1.6 
95.46 

± 1.6 

95.59 

± 1.5 

95.58

± 1.6 

95.52

± 1.5 

95.50

± 1.6 

95.44

± 1.6 

95.47

± 1.6 

95.47

± 1.6 

95.40 

± 1.6 

Proposed 

method 
          

MAJ 95.39

± 1.6 

95.39

± 1.6 

95.39

± 1.6 

95.52

± 1.5 

95.52

± 1.5 

95.57

± 1.5 

95.59

± 1.5 

95.60

± 1.5 

95.55

± 1.5 

95.50 

± 1.5 

MAX 93.75

± 1.8 

93.75

± 1.8 

94.62

± 2.1 

94.42

± 2.1 

94.41

± 2.1 

94.12

± 2.2 

93.97

± 2.2 

93.94

± 2.2 

93.80

± 2.2 

93.80 

± 2.2 

PRO 86.81

± 3 

86.81

± 3 

90.60

± 2.8 

92.53

± 2.3 

93.65

± 2.1 

94.29

± 1.9 

94.66

± 1.8 

94.91

± 1.8 

95.20

± 1.6 

95.21 

± 1.6 

AVR 95.39

± 1.6 

95.39

± 1.6 

95.58

± 1.7 

95.62

± 1.5 

95.70

± 1.5 

95.71

± 1.5 

95.68

± 1.4 

95.62

± 1.4 

95.63

± 1.4 

95.57 

± 1.5 

MoE 95.65

± 1.4 

95.70

± 1.4 

95.97

± 1.5 

96.22

± 1.3 

96.27

± 1.3 

96.22

± 1.4 

96.17

± 1.4 

96.18

± 1.3 

96.12

± 1.4 

96.02 

± 1.5 

 

As can be seen, our method yields significantly better results than Eigenface and Fisherface techniques. The best 

performance of the RS-LDA was achieved when the outputs of the classifiers were fused using AVR combination 

method. The proposed method also outperforms the RS-LDA for all k-nearest neighbors (except k =1, 2, 3) when 

decisions of the selected classifiers were combined with AVR combination method. By employing the selected 

classifiers in the MoE structure, better classification results were achieved and it caused improvement over the RS-LDA 

for all values of k-nearest neighbors. The better performance of the proposed scheme as judged against the RS-LDA is 

notable when the small size (P = 5) of the selected ensemble in our method is compared with relatively large size (P = 

100) of the ensemble network used in the RS-LDA. 

The performance of our classification scheme using the MoE as combining approach, was compared to Eigenface, 

Fisherface and the RS-LDA (with AVR as combination method) in terms of error reduction rate, and the results are 

presented in Table 2.  

Table 2.  Error reduction rates (%) achieved by the proposed method using the MoE as a function of number of k-nearest neighbors. 

No. of ks 1 2 3 4 5 6 7 8 9 10 

Eigenface 75.68 75.96 77.47 78.87 79.10 78.72 78.29 78.31 77.92 77.31 

Fisherface 64.52 64.93 67.13 68.81 68.71 67.86 67.49 67.43 66.95 66.24 

RS-LDA 4.18 5.29 8.62 14.48 16.74 16 16 15.67 14.35 13.48 

 

The performance of the proposed method can be investigated from the combining methodology point of view. 

Considering the results of our method shown in Table 1, it can be seen that the proposed scheme when uses the MoE 

leads to better performances as compared to the results achieved with the fixed combination techniques. The obtained 

results can be explained by considering the strategy used by the MoE for combining classifiers' outputs where unlike the 

fixed combination rules, a separate weight vector is used for combining the decisions of classifiers on a specific input 

pattern.    

5   Conclusion   

In this paper, an ensemble model for solving face recognition problem was presented. The model was based on random 

sampling from the face space derived by the LDA method. Using this technique and through reducing the feature space 

dimension, we can prevent LDA to be overfitted to the learning data. Thus, the face recognition model is less sensitive 

to the feature dimension. Furthermore, the model can handle intra-personal variations better than approaches that use a 

single subspace for solving face recognition problem. The random subspace LDA method was used for generating a set 

of low dimensional subspaces. We used the classifier selection methodology to choose a small set of complementary 

classifiers from the pool of generated classifiers. In this way, the operating complexity of the RS-LDA is reduced. The 

selected ensemble is then employed by the MoE and the outputs of the classifiers are dynamically combined. 

Experiments on a facial expression database showed that the proposed ensemble model can provide significantly better 

results than Eigenface and Fisherface methods and also is able to improve the performance of the RS-LDA.  

23

Volume 12, No. 3 Australian Journal of Intelligent Information Processing Systems



References 

1. Kam Ho, T.: The random subspace method for constructing decision forests, IEEE Transactions on Pattern Analysis and Machine 

Intelligence 10(8), pp. 832--844 (1998) 

2.  Wang, X., Tang, X.: Random sampling for subspace face recognition, International Journal of Computer Vision, 70(1), PP. 91--

104 (2006) 

3.  Belhumeur, P.N., Hespanha, J.P., Kriegman, D.J.: Eigenfaces vs. Fisherfaces: recognition using class specific linear projection, 

IEEE Transactions on Pattern Analysis and Machine Intelligence, 19(7), PP. 711--720 (1997) 

4. Turk, M., Pentland, A.: Eigenfaces for recognition, Cognitive Neuroscience, vol. 3, pp. 71--86, (1991) 

5.  Ruta, D., Gabrys, B.: Classifier selection for majority voting, Information Fusion, vol. 6, (1), pp. 63--81 (2005) 

6. Kundieva, L.I., Whitaker, C.J.: Measures of diversity in classifier ensembles, Machine Learning 51, pp. 181--207 (2003) 

7.  Shipp, C.A., Kuncheva, L.I.: Relationship between combination methods and measures of diversity in combining classifiers, 

Information Fusion vol. 3, (2), pp. 135--148 (2002) 

8.  Ruta, D., Gabrys, B.: Set analysis of coincident errors and its applications for combining classifiers, in: Pattern Recognition and 

String Matching, Combinatorial Optimisation, vol. 13, Kluwer Academic Publishers, (2002) 

9. Dudani, S.A.: The distance-weighted k-nearest neighbor rule, IEEE Transactions on Systems, Man and Cybernetics, vol. 6, (4), pp. 

325--327, (1976) 

10. Cover, T.M., Hart, P.E.: Nearest neighbor pattern classification, IEEE Transactions on Information Theory, vol. 13, (1), pp. 21--

27, (1967) 

11. Jordan, M., Jacobs, R.: Hierarchical mixtures of experts and the EM algorithm. Neural  Comput vol. 6, (2), pp. 181--214, (1994) 

12. Haykin, S.: Neural networks: a comprehensive foundation, Prentice Hall, USA, (1999) 

13. Chen, K.: A connectionist method for pattern classification with diverse features, Pattern  Recognition Letters, vol. 19, (7),   pp. 

545--558, (1998) 

14. Ebrahimpour, R., Kabir, E., Yousefi, M.R.: Teacher-directed learning in view-independent face recognition with mixture of 

experts using single-view eigenspaces, Journal of the Franklin Institute, vol. 345, pp. 87--101, (2008) 

15. Kanade, T., Cohn, J.F., Tian, Y.: Comprehensive database for facial expression analysis. In Proceedings of the fourth IEEE  

International conference on automatic face and gesture recognition (FG’00), pp. 46--53, Grenoble, France, (2000) 

24

Volume 12, No. 3 Australian Journal of Intelligent Information Processing Systems



A Novel Approach Based on Fusion of Three Neural Experts for Handwriting 

Recognition 

Hong Lee
1
, Brijesh Verma

1
 and MinYeop Park

2
 

School of Information and Communication Technology, CQUniversity 

Rockhampton, Queensland, Australia 
1{H.Lee1, B.Verma}@cqu.edu.au 

2jexson@msn.com 

Abstract. This paper presents a novel approach based on fusion of three neural experts for handwriting recognition. 

The first expert provides a heuristic based binary segmentation of the handwritten word, and passes the best 

segmentation hypotheses to the second expert. The second expert is a neural character classifier for classifying each 

segment into a character representation. The outcomes are fed into the third expert, which is a neural word 

recognizer. The word recognizer is responsible for matching the given sequential characters to one of the words in the 

lexicon. The preliminary experiments were performed on CEDAR benchmark database. The performance of the 

proposed approach was measured using the segmentation accuracy, the character classification accuracy and the word 

recognition accuracy. The experimental results show an improvement in segmentation, character and word 

recognition accuracies compared to the published results.  

Keywords: Neural Networks, Neural Classifier, Handwriting Recognition 

1   Introduction 

Handwriting recognition is an automatic process to convert an input handwritten image into computer-recognizable 

character representations. It has been active research domain for decades, and industrial beneficiaries have been trying 

to automate repetitive manpower oriented tasks such as processing of postal address, bank checks, form data, historical 

manuscripts, etc. Despite sleepless research in the field for decades, the performance of the state-of-the-art systems for 

real world handwriting recognition is still below the acceptable industrial standard [1-2].  

Many researchers have been tackling the offline handwriting recognition problem using various approaches. A word 

skeleton graph was introduced to recognize the handwritten words using a HMM classifier on local database [3]. A 

sliding window technique with an ensemble classifier was used for word recognition on IAM database [4]. Over-

segmentation and direction feature extraction approach was adapted to recognize Arabic words with a neural classifier 

on local database [5]. Directional distance distribution feature extraction approach was suggested to improve the 

handwritten numeral character classification. The classifier was calibrated into modular neural networks and the 

experiment was conducted on NIST benchmark database [6]. Segmentation approach on pixel density threshold was 

articulated to extract characters for Gurumukhi language [7]. Overlapping sliding windows with features of percentiles 

of pixel intensity, values, angle, correlation and energy were proposed for Arabic word recognition with HMM and n-

gram based classifiers [8]. Mean gray value and center of gravity of the pixels with a recurrent neural classifier were 

suggested for English word recognition on IAM database [9]. Over-segmentation and contour transition histogram of 

each segment in the horizontal and vertical directions were proposed to recognize the English words with HMM and 

neural classifiers on SRTP database [10]. A circular mean direction and variance feature extraction approach was 

introduced to improve character classification with HMM classifier on NIST database [11]. In [12], the handwritten 

images were rastered in four directions; row-wise, column-wise and major diagonals. The longest run lengths are used 

to digit recognition with RBF-SVM classifier on MNIST database. Termainal, branch and cross feature points were 

adapted to improve the character classification with neuro-fuzzy classifier for Farsi numerals [13]. The features of 

division points of sub images were proposed for English character classification with RBF-SVM on CEDAR pre-

segmented characters [14]. The feature extraction of foreground pixel counts in four directions using 3x3 pixel frame 

was experimented for Gujarati character classification with a MLP classifier. Region growing based segmentation 

approach was suggested for extracting English character with a MLP classifier [15]. A junction point based over-

segmentation algorithm and stroke component based primitive merging algorithm were suggested to segment English 

uppercases with a fuzzy decision rule algorithm [16]. Over-segmentation algorithm based on vertical histogram minima 

of main body and segment checking validation method were incorporated to segment English and Greek words [17]. 

Overlapping bounding box based segmentation algorithm using fuzzy threshold was proposed for Chinese character 

segmentation [18].  

This paper proposes and investigates a novel approach based on three neural experts such as segmentation expert, 

character classification expert and word recognition expert. The neural network experts have been used previously for 

handwriting recognition so just using a neural expert for handwriting recognition is not a novel idea. The novelty of the 

proposed approach lies in the use and fusion of neural experts for string matching algorithm and a binary segmentation 

algorithm with two class based neural validation. Segmentation expert aims to segment words into letters/primitives. A 
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sub-image bound by two neighboring boundaries is called a segment. Segmentation precedes the classification. In other 

words, the classification process is based on the outcomes of the segmentation process. It implies that better 

classification performance can be achieved on better segmentation outcomes. Classification expert is responsible for 

taking segments from the segmentation expert and classify them into characters. In the proposed approach, a neural 

network classifier is trained on the pre-segmented English alphabets, and it is capable of making a decision for an input 

into one of 52 alphabet letters. Word recognition expert takes a sequence of characters as an input and finds a best 

match from lexicon words. The word recognition expert is pre-trained on the lexicon words. 

The remainder of the paper is divided into four sections. Section 2 presents the proposed research methodology. The 

experimental results and analysis are presented in Section 3. Finally, a conclusion is presented in Section 4. 

2   Proposed Research Methodology 

The proposed research methodology is described in details in this section. Foremost, an overview of the proposed 

approach is presented in Fig. 1, followed by a detailed description of each expert for segmentation, character 

classification and word recognition modules.  

 

Segmentation 
expert

Character 
classification 

expert

Word 
recognition 

expert

a set of
primitives

Character
string:

(Ccirsun)

Input
word

Recognized
word:

Carson

Start

End

 
Fig. 1 Overview of the proposed methodology 

2.1   Overview 

The proposed approach shown in Fig. 1 takes a PBM formatted handwritten word image as an input. The first expert is 

the segmentation module. During the segmentation, the input image is dissected into sub images (segments) based on 

the segmentation architecture, which is described in details in the following subsection. The desired outcome of the 

segmentation is to produce segments containing foreground pixel components only belonging to a single representation. 

However, a complete pixel component of a representation may be distributed into one segment or two. The result set of 

segments from the segmentation expert are the input to the character classification expert in the second stage. During 

the classification, there are two character strings produced; one is composed of characters classified from each segment, 

and the other is from the combination of two neighboring segments. The two character strings are passed to the neural 

word recognizer, which is trained on the lexical words. The higher confidence value of matching word becomes the 

recognized word in the proposed approach. 

2.2   Segmentation Expert 

In the proposed approach, the segmentation expert is to find character boundaries and to produce segments for character 

classification. However, the nature of the handwriting makes the segmentation process very difficult because some 

characters are connected or broken. Also, the shapes of the same letters vary significantly. In the proposed approach, 

over-segmentation and neural binary validation approach is used as proposed in [19]. Neural binary validation is 

iteratively applied to a set of primitives created from the over-segmenting module. The primitives are more likely to be 

partial characters at this stage. Therefore, those partial character-like primitives need to be combined with the 

neighboring primitives and become a whole character. Iteration creates evaluation sets. Neural confidence function is 

applied to each of them to pick one evaluation set with the highest value. When the selected evaluation set is valued 

higher than the current set, it is passed as the current set for the next iteration. Otherwise, it terminates iteration and 

outputs the current set as the final outputs. Each final primitive should represent a whole character. An overview of the 

incorporated segmentation expert is shown in Fig. 2. 
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Fig. 2 Architectural overview of segmentation expert 

2.3   Character Classification Expert 

The proposed approach incorporates the character classification expert in the second stage right after the segmentation 

expert. The classification expert works on the final output primitive (segment) set from the segmentation expert. The 

character classifier is pre-trained on pre-segmented characters for 52 alphabet classes. Each input feature extracted from 

a segment is one of the 52 alphabet character representations. Therefore, there should be the same number of characters 

in the output character string as the number of input segments. However, there could be segments containing only 

partial pixel components of a character. So, the proposed approach is designed to overcome the situation and produces 

another character string by combining the neighbouring segments successively. The architectural overview of the 

classification expert is described in Fig. 3. 
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Character
string for P

Character
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Fig. 3 Architectural overview of character classification expert 

2.4 Word Recognition Expert 

The proposed approach adapts the neural word recognizer in the final stage to find the best matching word against a 

lexicon on a given character strings. The word recognition expert is trained on the lexicon words. To compose a feature 

vector from an input character string, ASCII values for English alphabets are used. To extract a feature vector from a 

character string, an ASCII value of each character was divided by the highest value from 52 class characters. However, 

one of the challenging problems was to set the number of input feature space since the numbers of characters in words 

are different. Also, the number of characters in input character strings was observed to be larger than the corresponding 

lexical words since some segments are partial characters. To overcome this problem, the size of the feature space was 

set to the doubled number of characters from the longest lexicon word. When the number of the characters in a 

character string is less than the number of the feature space, the unused feature space was padded with zeros. The 

architectural overview of word recognition expert is shown in Fig. 4. 
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Fig. 4 Architectural overview of word recognition expert, A) n characters in the input string, B) r feature 

space; When r > n, remainder feature spaces (from n+1 to r) are padded with zeros, C) word recognition expert 

takes r input feature elements and outputs s numbers of confidence values, D) the number of the lexical words 

equal to s; a, b, c, d, e, g, h, i and j are arbitrary characters.  

3   Experiments and Results 

All algorithms for the proposed approach have been implemented in Java programming language and the experiments 

were conducted on CEDAR benchmark database. CEDAR is a well-known benchmark database for cursive handwriting 

recognition. The proposed approach was evaluated on the 317 test words from CEDAR/TEST/CITY/BD. 

Table 1. Neural network experts settings 

Stage Output Architecture 
Hidden Units Accuracy (%) 

Train Set Test Set 

Segmentation 2 Classes 

MLP 

13 81.73 79.33 

Classification 52 Classes 45 99.06 70.83 

Recognition 216 Classes 63 98.15 80.09 

 

Three MLP neural networks with a single hidden layer were trained with back-propagation learning algorithm. The 

first neural 2Class classifier was incorporated in the segmentation stage. During segmentation, it produces likelihood to 

be a character or non-character. The second classifier was intended for character classification in classification stage. 

Pre-segmented samples for 52 alphabets were used for training. The 216Class neural classifier was intended for the 

word recognition module. The training samples were 216 distinct words from the CEDAR database lexicon. In Table 1, 

the settings of neural experts are described. 

Table 2. Experimental results 

Database 
Segmentation Error (%) 

Character 

Classification  

Accuracy (%) 

Word 

Recognition 

Accuracy (%) Under Over Bad Average 

317 CEDAR words 1.57 2.99 8.44 4.33 52.67 84.54 

 

The performances of the proposed approach were measured by considering segmentation error, character 

classification rate and word recognition rate. One of the segmentation accuracy measurements is to check the 

segmentation errors. Achieving higher segmentation accuracy means lowering segmentation errors. The segmentation 

errors are categorized into three types such as under-segmentation, over-segmentation and bad-segmentation errors [20]. 

The under-segmentation error is defined as missed segmentation boundary between two neighboring characters. The 

over-segmentation error is defined as character segment divided into more than two (exclusive) primitives. The bad-

segmentation error is defined as incorrect segmentation boundary, which does not belong to under-segmentation or 

over-segmentation errors. Character classification performance is to measure occurrences of correct conversion of the 

segments. Word recognition performance is to measure the occurrences of finding correct matching word for input word 

image from the lexicon. The experimental results are shown in Table 2. The segmentation error was 1.57% for under, 

2.99% for over and 8.44% for bad. Overall, the average segmentation error was 4.33%. The correct classification rate 

was 52.67%, and the word recognition rate was 84.54%.  

In Table 3, the word recognition performance of the proposed approach was compared to the existing techniques 

from the literature. The proposed approach produces the highest word recognition rate. However, the size of the 

database is the smallest. Therefore, it needs further experiments on the larger database to prove whether or not the 
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proposed approach produces better results. In Fig. 5, some examples of the misclassified words and characters are 

shown. 

 

Charlotte JuanaLeonardwood fJ
o

d

A) examples of misrecognized wordsA) examples of misrecognized words B) examples of misclassified charactersB) examples of misclassified characters
 

Fig. 5 Examples of misrecognized words and misclassified characters 

Table 3. Word recognition comparison with published techniques 

Method Database Words Accuracy (%) 

[21] Cambridge 1020 80.37 

[22] IAM 1066 82.13 

Proposed approach CEDAR 317 84.54 

4   Conclusions and future research 
In this paper, a novel approach for cursive handwriting recognition has been presented and investigated. A fusion of 

three neural network based experts for segmentation, character classification and word recognition was used in the 

proposed approach. The segmentation expert was to produce the best possible segmentation hypotheses to extract the 

individual characters. The results of the segmentation stage were fed into the character classification expert. During the 

classification, 52 class neural networks trained with pre-segmented characters were used. The results of the character 

classification were the character strings, and the word recognition expert was responsible for finding the best matching 

word from the given lexicon. The experiment results on CEDAR benchmark database show improved performances for 

segmentation, character recognition and word recognition. However, the word recognition performance needs further 

testing on larger database. 
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Abstract. There is growing interest in the problem of human activity recognition, motivated by its countless 

promising applications in many domains. Despite much progress, most researchers have narrowed the problem 

towards fixed camera viewpoint owing to inherent difficulty to train their systems across all possible viewpoints. 

Fixed viewpoint systems are impractical in real scenarios. Therefore, we attempt to relax the infamous fixed 

viewpoint assumption and present a novel, efficient and biologically-inspired framework to recognize and classify 

human activities from monocular video source from arbitrary viewpoint. The proposed framework comprises two 

stages: human pose recognition and human activity recognition. We cascade an ensemble of invariant pose models 

and activity models hierarchically. All the models operate simultaneously in parallel and perform inference on 

impinging patterns that come from lower level. Pose models operate in a hybrid 3-layered bottom-up neural 

architecture. Activity models employ fuzzy-state hidden Markov model to classify activities. We have built a small-

scale architecture for a proof-of-concept and performed some experiments on two publicly available datasets. The 

satisfactory experimental results demonstrate the efficacy of our framework and encourage us to further develop a 

full-scale architecture. 

Keywords: Viewpoint invariant, human activity recognition, ART-RBF, fuzzy-state HMM 

1   Introduction 

Human activity recognition is the recovery of human motion information from image sequences and labeling of the 

underlying activities of the human subjects. The problem of automatic human activity recognition has become very 

popular due to its numerous promising applications in many domains such as video surveillance, video indexing, 

computer animation, automatic sports commentary systems, human computer interaction systems, context-aware 

pervasive systems, smart home systems and other human-centered intelligent systems. There are a number of reasons 

why human activity recognition is a very challenging problem. Firstly, a human body is non-rigid and has high degrees 

of freedom, generating infinitesimal variations in every basic movement. Secondly, no two persons are identical in 

terms of body shape, volume and coordination of muscle contractions, making each person generate unique movements. 

The above mentioned problems get further compounded by uncertainties such as variation in viewpoint, illumination, 

shadow, self-occlusion, deformation, noise, clothing and so on. Since the problem is very vast, it is customary for 

researchers to make a set of assumptions to make the problem more tractable. However, the most common and the 

biggest assumption made by researchers happen to be the ‘fixed viewpoint assumption’. Their systems can recognize 

activities only from the ‘trained’ viewpoint. Unfortunately, the fixed viewpoint assumption is not valid in many 

domains. In video indexing, for example, viewpoint is arbitrary and may not even be stationary. In video surveillance, 

camera position is again arbitrary. That assumption is causing ‘bottleneck’ in practical applications [1]. Therefore, the 

fixed viewpoint assumption needs to be eliminated. We will therefore relax that assumption and present a simple and 

novel framework to recognize and classify human activities. 

 

 
 

Fig.1. Images resulting from variation in camera orientation 

1.1   Related Work 

There is indeed some confusion among researchers about the term viewpoint invariance. Some researchers such as [2] 

claim ‘viewpoint invariance’ when their system is only capable of recognizing sequences up to 45° horizontal deviation 

from frontal view. Robustness to some degree of variation in viewpoint is not the same as viewpoint invariance. A 
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camera has 6 degrees of freedom (DOF). Viewpoint invariance refers to the ability of the system to produce consistent 

results wherever the camera is positioned and however it is orientated as shown in Fig 1, be it front-view, side-view, 

back-view or any intermediate view. In recent literature, there are mainly two branches of research that attack the 

viewpoint invariance issue: multiple-camera branch and single-camera branch. In a multiple-camera system, 3D 

information can be recovered by means of triangulation [3]. Some researchers fuse spatial information from multiple 

cameras to form what is called a 3D visual hull [4-5]. Multiple-camera approach is the most widely investigated 

approach. Unfortunately, in many domains, applications are limited to single camera. For example, in video indexing, 

there are no data available from extra cameras. Single-camera approach is significantly more difficult than multi-camera 

approach [1; 6]. 100% viewpoint invariance has barely been achieved in the single-camera branch. Most of the recent 

single-camera techniques (for instance [7-8]) are still at best partially invariant to viewpoint. Thus we will focus only on 

the single-camera or monocular branch. Most single-camera approaches in the literature further branch into two major 

categories: model-based approach and model-less approach. 

A model-based approach, which employs an explicit parametric anthropometric prior and attempts to recover 

structural information of the human body, is the more investigated approach. A human body is represented by a 

kinematic tree model or a stick figure, consisting of joints linked by segments. Most model-based systems essentially 

attempt to extract features from 3D coordinates of various joints of the human body from an image sequence. Therefore 

3D joint coordinates are required to be inferred from corresponding 2D joint coordinates  from the image sequence, 

either by direct inverse kinematics or by constrained nonlinear numerical optimization [9]. Recovering 3D information 

from 2D information in a single-camera system is inherently an ill-posed problem. Furthermore, model-based systems 

generally require the output of body part detection algorithms as an input [10]. Unfortunately, body part detection is yet 

another unsolved problem in computer vision.  

A model-less or template-based approach, on the other hand, makes no attempt to recover structural information of 

the human body and directly models activities using image-based or shape-based features. Majority of researchers avoid 

this route because the 2D body shape of a person changes drastically under different viewpoints as shown in Fig 1. 

Furthermore, model-less systems are generally more prone to ‘overfitting’ due to redundant features present in images. 

Souvenir and Babbs [7] employ a 2-dimensional R transform and learn the viewpoint manifold using the Isomap 

algorithm. However, the system is invariant to just 4 DOF of the camera. Lv et al. [11] and Nevatia et al.  [12] utilize a 

novel graphical model where each node stores a  2D representation of a 3D pose from a specific viewpoint. In the 

recognition phase, silhouette image from each frame is matched against all the nodes in the model using some distance 

measure. The work of Weinland et al. [13] is the closest to ours. They employ 3D visual hulls trained from multiple 

cameras. In the recognition phase, each visual hull is projected into a 2D image that best matches the given silhouette. 

The first problem with this approach is that projecting a 3D visual hull into a 2D image incurs a very high computation 

cost because a search is required to find the 2D image that best matches a given silhouette. The second problem is that a 

system of at least 5 calibrated cameras is required in order to form visual hulls.  

1.2   Overview and contributions 

We follow the model-based route to evade the ill-posed problems of body part detection and 3D pose reconstruction. 

Although the work of Weinland et al. [13] is the most similar to ours, it is quite fundamentally different. Our system 

achieves 100% viewpoint invariance through a biologically-inspired approach. We employ an ensemble of, what we 

call ‘invariant pose models’, instead of 3D visual hulls. The biggest advantage of this is that a pose model can process 

input in linear time complexity without any search. In addition, our system handles pose ambiguities well in an elegant 

fuzzy framework. 

The paper is organized as follows. We present our pose recognition procedure and activity recognition procedure in 

Section 2 and 3 respectively. We describe our experiments in Section 4 and conclude in Section 5. 

2   Pose recognition 

A human activity can be regarded as a sequence of poses. We exploit the result of viewpoint invariant pose recognition 

to achieve viewpoint invariant activity recognition. Therefore, static poses are needed to be sequentially labeled first.  

Although a human body can articulate an astronomical number of poses due to its high degrees of freedom, we can 

recognize the overall underlying activity by recognizing just a few ‘key poses’. Inside the human neocortex, it is 

believed that there exist invariant models which become active and excited whenever input patterns related to the 

models are present in the sensory signals from the thalamus. Furthermore, hierarchical structures have been found in all 

mammalian neocortex [14]. Our approach is biologically inspired in that we attempt to construct invariant models of 

key poses and models of higher-level activities hierarchically. Fig 2 illustrates the constituents of some of the invariant 

pose models. 
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Fig.2. Invariant pose models 

 

All the models run simultaneously in parallel and perform inference from a sensory input pattern. When an input image 

vector r is presented, each pose model pi evaluates          , which is the conditional probability of the latent pose 

belonging to the respective model given r. The probability could also be roughly understood as the ‘firing strength’ of 

the models or the excitation of certain regions of the neocortex. To train the models, we used POSER PRO1  to generate 

202 static human poses and wrote a Python Script to render each pose from 4096 viewpoints3 automatically. Since there 

are 4096 exported images for each pose, there are 81920 images in total. For each image, we perform binary blob 

extraction and then normalize the binary blob centered inside a 64x64 bounding box while preserving aspect ratio. Each 

image vector is then represented by          . Pose models operate in a hybrid 3-layered bottom-up process. The 

bottom two layers, which perform unsupervised learning, are shared among all the models. We then build a supervised 

high-level layer on top of the bottom two layers. 

 The first layer from the bottom is a compression network. Fig 3a illustrates its operation. It is essentially a 

convolutional autoassociate neural network with equal number of neurons in the input and output layers.  Because of the 

fact that neighboring pixels are more strongly correlated than more distant pixels, many approaches in the image 

processing literature attempt to extract local features from small patches of the image [15]. In the same sense, we divide 

the first layer of the network, which has a 64x64 grid of neurons, into 8x8 uniform patches called receptive fields, all of 

which share the same set of weights. Only the input layer contains receptive fields. In the training phase, the network 

takes r from all the training poses (81920 images) and iteratively tunes its weights so as to minimize the reconstruction 

error between inputs and outputs. The target vectors used to train the network are the input vectors themselves [15]. 

After the training phase, the top two layers are discarded. In essence, the network compresses or projects           

onto a pose manifold        .  

The second layer of the pose modeling process is a quantization network which employs fuzzy ART (adaptive 

resonance theory) [16]. This layer is also shared among all the pose models. It is utilized only in the training phase and 

bypassed in the recognition phase.  In the training phase, we take m (received from the bottom layer) of all the training 

images and then perform online k-means, starting with just one cluster. We add new clusters incrementally whenever 

the Euclidean distance between the nearest cluster center and m is greater than a certain threshold called vigilance. In 

our experiments, we found 71 clusters (with i
th

 cluster center denoted by ci).  

The third layer of the pose modeling process is a RBF (radial basis function) network which performs the actual pose 

recognition. This layer is not shared among pose models. Each model runs independently.  We use an ensemble of 71 

‘Gaussian-alike’ RBF, φ  as given in Equation (1) [17] 

 

        
      

 

      

 

(1) 

where σ is the standard deviation. The number of RBF is the same as the number of ART clusters. Each RBF is centered 

at the respective cluster center. Given m, each of the 71 RBF produces a degree of membership (between 0 and 1) of m 

to the corresponding cluster using Equation (1). So m is basically transformed into a new dimension q     . Fig 3b 

illustrates the operation of this network. The network operates just like a single perceptron with sigmoidal activation 

function. The network outputs values between 0 and 1. The output is the probability of r belonging to the respective 

pose model.  

                                                           
1 POSER PRO 2010 is a commercial 3D rendering software package from Smith Micro. 
2 The number 20 is arbitrary just to show proof-of-concept.  
3 Each camera angle (yaw, pitch, roll) = 0 to 360 with 22.5° step size. So 16x16x16 = 4096 
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Fig.3. (a) Compression network (b) RBF network 

In the training phase, q derived from all the 81920 poses are presented to the RBF network. Supervised learning is 

performed where the target value is 1 if the pose belongs to the respective model and 0 if otherwise. 

Given a novel input image pattern, our hybrid structure will infer what poses are likely to be present in the input. One 

advantage of this architecture is that it handles ambiguity well. For instance, if a given pose is very ambiguous, as 

would be the case if we have a left view of a person and his or her right limbs are fully occluded, many models will fire 

with similar strengths (rather than simply rejecting) because the structure would not be certain what pose the image 

really corresponds to. Sharing lower layers in the hierarchy also leads to generalization and ease of adding new models. 

A new model can inherit shared representations of existing old models.  

3   Activity recognition 

Activity recognition is performed by a higher-level structure to recognize a stream of poses. The frame rate of the 

video sequence is assumed to be normalized to a low value. We normalize it at 10 fps. For each image frame, we 

perform preprocessing as given in Section 2 to produce r which then passes through the hybrid pose modeling structure. 

Each pose model produces          . Unlike in hard competition and winner-take-all competition schemes, rather than 

taking only most likely pose model with the highest excitation level to present r, we take the outputs of all the pose 

models into account by defining a pose excitation vector       where n is the number of pose models. Each 

component of z is the excitation level of the respective pose model. z is then normalized so that all the components sum 

to 1. We use fuzzy-state hidden Markov model (FHMM) to model pose sequences. Observed variables in a regular 

HMM may be either discrete or continuous. But in activity recognition, observed variables (which are the labels of 

static poses) are discrete and modeled as a multinomial. An observed variable is a probabilistic function of the hidden 

state. But in our case, z is the observed variable, rendering the observed state fuzzy. It is simple to modify a regular 

HMM to make it a fuzzy-state HMM.  We will perform fuzzy treatment of a regular Markov Model (without hidden 

states) as an example. Suppose we have just 3 poses: pose 1, pose 2 and pose 3. Suppose A is the transition matrix. 

 

    
         
         
         

  

 

The value at the i
th

 row and the j
th

 column of A represents the probability of pose j following pose i in any sequence. For 

instance, the probability of pose 3 following pose 1 in any sequence is 0.7. Conversely, in a fuzzy-state Markov Model, 

poses are not crisp. The probability of a pose excitation vector zi following zi-1 in an image sequence is simply     
     

    . In the same way, we convert a regular HMM to a fuzzy-state HMM. We also modify the forward algorithm (FA) 

to work with fuzzy observed states. The modified FA evaluates the probability of any sequence of pose excitation 

vectors.  

We build one FHMM model for each activity. All the activity models run simultaneously in parallel and perform 

inference from a sequence of pose excitation vectors. Fig 4 illustrates the operation of the activity models. When a 

sequence of pose excitation vectors S is presented, each activity model ai evaluates          , which is the conditional 

probability of the unknown activity belonging to the respective model given S. The model with the maximum level of 

excitation is chosen as the winner and its corresponding activity label is produced as the output. If the maximum level 

of excitation is below a certain threshold, the underlying activity can be considered as an ‘unknown’ activity. 

 

(b) (a) 
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Fig.4. An Ensemble Fuzzy-state Hidden Markov Model 

 

Since a stream of video frames may contain many activities consecutively, a long sequence of pose excitation vectors 

is required to be temporally segmented such that, ideally, each segment contains a single activity. We use a method of 

segmentation by motion energy boundaries introduced in [4; 18] by monitoring for small rests or reversals in motion 

energy. In the training phase, supervised learning is performed where sequences of pose excitation vectors and the 

labels of the underlying activities are presented to the activity recognition system which then selects and trains the 

respective activity models. We apply the Baum–Welch algorithm with fuzzy treatment to train individual activity 

models. Note that activity models are trained separately from pose models. If there are sufficient pose models in the 

system, then new activities can be trained independently provided that each new activity contains at least one pose 

similar to that of a trained pose model. However, this assumption is valid for most of everyday-activities. Since pose 

models are invariant to viewpoint, so are the higher-level activity models. 

Note that we use HMM just to provide a proof-of-concept. Other variants of Dynamic Bayesian Network such as 

conditional random fields (CRFs), linear dynamical systems (LDS) and maximum entropy Markov models (MEMMs) 

can also be used. It has been shown by numerous researchers that CRFs generally outperform HMM in many problems 

because of lack of the conditional independence assumption [19]. We can easily turn our activity models into fuzzy 

CRFs in the same way if we wish. 

4   Experiments 

To test our activity recognition system, we used two well-known publicly available datasets in the viewpoint invariant 

activity recognition literature. The first dataset was the IXMAS dataset [4] which contained 13 activities4 performed 3 

times by 10 actors. The actors freely changed their orientation for each acquisition and freely performed all the 

activities. All the activities were recorded by 5 cameras from different viewpoints. Fig 5 shows part of a clip from the 

IXMAS dataset from 5 viewpoints. The second dataset was the CMU motion of body (MoBo) dataset [20] which 

contained video clips of 25 actors performing four different walking activities5 on a treadmill captured from 6 different 

cameras. Fig 6 shows part of a clip from the MoBo dataset capture from 6 viewpoints. In all our experiments, we used 

an ensemble of 20 pose models as described in Section 2. Each activity in both datasets contains at least one pose 

similar to one of the pose models. 

 

 
Fig. 5. IXMAS dataset 

 

 
Fig. 6. CMU MoBo dataset 

 

For both datasets, we performed leave-1-actor-out (L1AO) and leave-1-camera-out (L1CO) cross validations. The 

leave-1-actor-out validation was intended to test the inter-class generalization property of activity recognition system 

whereas the leave-1-camera-out validation was intended to focus on the viewpoint invariance property of the system. 

Leave-1-actor-out cross validation, as the name suggests, took 1 actor out, trained the system using the data from all the 

                                                           
4 check watch, cross arms, scratch head, sit down,  get up, turn around, walk,  wave,  punch,  kick,  point, pick up and throw 
5 slow walk, fast walk, incline walk and walk with a ball 
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remaining actors and then tested the system using the data from the picked actor. Since there were multiple 

combinations of picking one actor out for testing, the whole process was repeated once for each actor. The results were 

then averaged over all the trials. Similarly, in the leave-1-camera-out cross validation, we took one camera out, trained 

the system using the data from all the remaining cameras and then tested the systems using the data from the picked 

camera. The results were also averaged. To study the effect of the number of prior pose models in the system, we 

repeated each test with various number of pose models by removing some pose models randomly. Table 1 lists the 

experimental results in terms of accuracy in percentage, for both datasets. 

 
Table 1.  Experimental results 

Number of prior trained 

pose models (N) 

IXMAS MoBo 

L1AO L1CO L1AO L1CO 

N = 20 72.8% 84.6% 83.3% 88.5% 

N = 15 68.2% 76.9% 80.0% 82.3% 

N = 10 57.4% 68.5% 73.3% 76.4% 

N = 5 29.0% 31.8% 61.5% 62.8% 

 

To our knowledge, the system in [13] has achieved among the best recognition rates for the IXMAS dataset for 

single-camera recognition. Their system has achieved accuracy rates of 59.57% and 74.06% for single-view learning 

and multiple-view learning respectively. Our recognition rates seem quite satisfactory for a proof-of-concept. The 

reason that the MoBo dataset produced higher overall recognition rates could be because the MoBo dataset had a 

smaller set of activities which increased the natural likelihood of each predicted label assigning the true activity label. 

The recognition rates did not plunge as dramatically as expected when we reduced the number of pose models. It 

implies that our system can correctly recognize some activities even if they contain no static poses closely similar to the 

pose models. This is because of the fuzzy assignment of poses and the usage of pose excitation vectors instead of crisp 

states in the HMM. Our pose recognition system has a lot of room for improvement. We expect the accuracy rates to 

amplify significantly if we use many more prior pose models and provide more than 1 core training example for each 

pose (e.g. use different persons with different clothing). We also carried out a little experiment to evaluate the ease of 

addition of new pose models. We created 1 new pose model, trained it from just one sample image from just one 

viewpoint (right view) and then tested using images rendered from other 4095 viewpoints. We found out that the new 

pose model produced the highest level of excitation among all the pose models for 779 out of the 4095 images. It means 

that the new pose model can learn from just one example. This is probably achievable because of the two shared bottom 

layers of the pose models. 

5   Conclusion and future work 

We have presented a novel biologically-inspired framework for viewpoint invariant human activity recognition. We 

have presented a two-layered hierarchical architecture that performs viewpoint invariant pose recognition and activity 

recognition. The system is found to be able to recognize some activities even if those activities contain no similar poses 

to that of the prior pose models. Because of the fact that the two bottom layers of the pose models are shared, new poses 

can be added easily without supplying enough training examples from different viewpoints. The experimental results 

are quite promising. As future work, we would first like to add several hundreds of pose models. We would also like to 

explore the feasibly of adding new pose models in an unsupervised manner. Lastly, since HMM was used just for a 

proof-of-concept, we would like to find the best architecture to temporally classify a sequence of pose excitation 

vectors. 
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Abstract. In this paper we propose subspace-based L2 support vector machines (SSL2-SVMs) using the
active set training. Namely, in order to optimize the weights associated with the dictionaries for each class,
we start training L2-SVMs with a small subset of the training data, delete the data which are not support
vectors from the subset, add the data violating KKT conditions from the training data not included in
the subset, and iterate the above procedure until the subset does not change. Experimental results with
two-class benchmark datasets show that the training by the proposed methods are faster than that by the
conventional methods for large datasets, and the proposed methods perform better than the conventional
methods for datasets which have a number of outliers.

Key words: active set training, pattern recognition, subspace-based support vector machines

1 Introduction

Subspace based support vector machines (SS-SVMs), which are subspace based least squares support vector
machines (SSLS-SVMs) and subspace based linear programming support vector machines (SSLP-SVMs) [1, 2],
are the improved methods of conventional subspace methods [3, 4]. In SS-SVMs, like the conventional subspace
method, for each class we define the basis vectors which are dictionaries of the subspace obtained by principal
component analysis (PCA) or kernel PCA (KPCA) [5, 6]. And for each class subspace we define a weighted
similarity measure by the projection length of the input. Unlike conventional subspace methods which set
the equal values or eigenvalues to the weights associated with dictionaries for each subspace, in SS-SVMs we
optimize the weights using support vector machines (SVMs) [7] so that the margin between classes is maximized.
Thus because the weights associated with the dictionaries of each class subspace are determined considering
overlap between different classes, the weights are optimal from the standpoint of classification. According to the
computer experiments, SSLS-SVMs perform usually better than SSLP-SVMs, and the training cost of SSLS-
SVMs is usually smaller than that of SSLP-SVMs. Training of SSLS-SVMs results in solving a set of linear
equations whose size is the total dimension of all the class subspaces. Therefore, if the size of training data
and the total dimension are large, the training cost may be large. And for some problems, SSLS-SVMs perform
poorly because all the training data are used for determining the decision functions.

In this paper, to solve these problems, we propose subspace-based L2 support vector machines (SSL2-SVMs),
which use active set training methods [8] when we optimize the weights. Unlike [8], SSL2-SVMs use all-at-once
formulation. At first, for each class decision function we randomly select a training subset from the training data
including other classes as a working set and optimize the weights associated with dictionaries for each subspace
at once. Next, we delete non-support vectors associated with the non-positive Lagrange multipliers from the
working set and add the data, which violate the KKT conditions, to the working set for each class. These
procedures are iterated until the working sets do not change. At each iteration step, the order of calculations
is the cubic of the working set size. Thus if the number of support vectors is small, the calculation cost of
optimizing the weights is also small regardless of the data size. Moreover the proposed method performs more
stably than the conventional methods because only the subset of the training data which are support vector for
L2-SVMs is used for determining the decision function.

This paper is organized as follows. In Section 2, we describe conventional SSLS-SVMs. In Section 3, we
propose SSL2-SVMs with active set training. In Section 4, we demonstrate the effectiveness of the proposed
SSL2-SVMs through computer experiments using two-class benchmark datasets. And we conclude our work in
Section 5.

2 Conventional Subspace-Based Support Vector Machines

In SS-SVMs [1, 2], the subspace of each class is generated by using KPCA [5, 6]. We consider an n-class classifi-
cation problem with the m-dimensional input vector x. Let x be mapped into the high-dimensional feature space
by the mapping function g(x). Then the mapping function h(x) to the associated empirical feature space [9, 10]
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for each class is given by hi(x) =
(
K(xik1 ,x), ...,K(xikNi

,x)
)T , where Ni is the number of linearly independent

training data for class i in the feature space, xikj
(kj ∈ {1, ..., |Xi|}, j = 1, ..., Ni) are linearly independent

training data for class i in the feature space, Xi is the index set for class i training data, |Xi| is the number
of elements in Xi, and K(x,x′) = gT (x)g(x′). Then, the dictionaries ϕik for the subspace for class i are the
eigenvectors of the following eigenvalue problem:

1
|Xi|

|Xi|∑
j=1

hi(xij)hT
i (xij)ϕik = λik ϕT

ik, (1)

where λik is the eigenvalue associated with ϕik. The Ni eigenvalues are obtained by solving (1), and we need to
determine the number of the dictionaries, ri, for class i. We select ri dictionaries with the associated eigenvalues
in descending order, where ri is determined so that the cumulative proportion, a(ri) =

∑ri

j=1 λij/
∑N

j=1 λij ×
100 (%), satisfies a(ri − 1) < κ ≤ a(ri), where κ is a threshold.

We define the similarity measure for class i by

fi(x) =

(
(ϕT

i1hi(x))2

‖ϕi1‖2K(x, x)
, ...,

(ϕT
iri

hi(x))2

‖ϕiri
‖2K(x, x)

)T

. (2)

This means the normalized projection length vector of input x onto the class subspace. Then the decision
function is given by

Di(x) = wT
i fi(x), (3)

where wi is the column vector of the weight. Then input vector x is classified into class i whose Di(x) is the
largest.

In conventional SS-SVMs, the weights in (3) are determined by SVMs [7] in order to make class separability
as large as possible. And SS-SVMs are usually formulated by all-at-once formulation so that the decision
function of an input for the associated class is the largest among that of other classes. There are SSLS-SVMs
and SSLP-SVMs in the proposed SS-SVMs. It is described in [1, 2] that SSLS-SVMs performed usually better
than SSLP-SVMs, and for a large data set the calculation cost of SSLS-SVMs is usually smaller than that of
SSLP-SVMs.

3 Subspace-Based L2 Support Vector Machines

3.1 Idea

In conventional SSLS-SVMs, we use the primal form expressed in a set of linear equations, in which the number
of variables is the total dimensions of class subspaces. Therefore, if the size of the data set is large and the
selected threshold of κ is large, the dimension of the subspace for each class may be large. Then the calculation
cost may be large. And for some cases, the performance may be poor because all the training data are treated
as the support vectors (SVs), namely the data that are far away from the decision functions are used for
determining them.

To solve this problem, we propose SSL2-SVMs in dual form, in which the active set training is applicable. For
large problems and even when the large threshold of κ is selected, if the number of SVs is small, the calculation
cost of SSL2-SVMs is low. Moreover the influence of the data far away from the decision function may be small
because of using only the subset of the training data, namely SVs, not all the training data. Thus SSL2-SVMs
may perform stably unlike SSLS-SVMs.

3.2 Architecture

Let for the n-class problems M training data pairs be {(x1, y1),..., (xM , yM )}, where xi and yi are the m-
dimensional input vectors and the associated class labels, respectively, and yi ∈ {1, ..., n}. The SSL2-SVMs with
all-at-once formulation in dual form introducing Lagrange multipliers αij are defined as follows:

minimize Q(w, ξ) =
1
2

n∑
i=1

‖wi‖2 +
n∑

i6=yj,

i=1

M∑
j=1

ξ2
ij (4)

−
n∑

i6=yj,

i=1

M∑
j=1

αij(wT
yj

fyj
(xj)−wT

i fi(xj)− 1 + ξij),

ξij ≥ 0, αij ≥ 0 for i 6= yj i = 1, ..., n, j = 1, ...,M, (5)
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where C is the margin parameter and ξij are slack variables.
Taking the partial derivative of (5) with respect to wi and ξij , and setting the resulting equation to 0 and

0, respectively, we obtain

wi =
n∑

k 6=i,
k=1

∑
j∈Sk,
yj=i

αkjfi(xj)−
∑
j∈Si,
yj 6=i

αijfi(xj), (6)

ξji =
αij

C
, (7)

where Si is the index of SVs for the decision function Di(x). And KKT complementarity conditions are given
by

wT
yj

fyj
(xj)−wT

i fi(xj)− 1 + ξij = 0
for i 6= yj , i = 1, ..., n, j = 1, ...,M. (8)

We can obtain αij (i = 1, ..., n, j = 1, ...,M, i 6= yj) by substituting (6) and (7) into (8). Therefore, assuming
that we know the sets of SVs, we can obtain αij by solving

∑n
i=1 |Si| dimensional linear system as follows:

α =

α1

...
αn

 =


A1 B12 · · · B1n

BT
12 A2

. . .
...

...
. . . . . . B(n−1)n

BT
1n · · · BT

(n−1)n An


−1

1, (9)

where 1 = (1, ..., 1)T , αi = (αiSi1 , ..., αiSi|Si|
)T , Ai = {Aikl

} (i = 1, ..., n, k, l = 1, ...|Si|), and Bij = {Bijkl
} (i =

1, ..., n, j = i + 1, ..., n, k = 1, ..., |Si|, l = 1, ..., |Sj |), and

Aikl
=
{

fT
i (xsik

)fi(xsil
) + fT

ysik
(xsik

)fysik
(xsil

) + δkl

C for ysik
= ysil

,

fT
i (xsik

)fi(xsil
) otherwise.

(10)

Bijkl
=



fT
ysik

(xsik
)fysik

(xsjl
) for ysik

= ysjl
6= i, j,

−fT
ysik

(xsik
)fysik

(xsjl
) for ysik = i, j, ysjl

6= i, j,

−fT
ysjl

(xsik
)fysjl

(xsjl
) for ysik 6= i, j, ysjl

= i, j,

−(fT
i (xsik

)fi(xsjl
) + fT

j (xsik
)fj(xsjl

)) otherwise.

(11)

Here sij (i = 1, ..., n, j = 1, ..., |Si|) is the jth index of support vector for class i and δij is Kronecker’s delta
function, in which δij = 1 for i = j and δij = 0 for i 6= j.

3.3 Training Method

To obtain the index sets of SVs, Si, we need to estimate it iteratively. As this iteratively procedure, we use
active set training methods in [8]. However, unlike the conventional active set training for conventional SVMs,
SSL2-SVMs are formulated by all-at-once formulation. So we must select all the SVs for the decision functions
of all the classes.

In this method, at first we randomly select p training data as the SVs for the decision function for each class.
And set them into the working set Wi. Next, we set the remaining training data into fixed set Fi for each class
and obtain αij (j ∈ W ) solving (9) with only the training data in the working set for each class and determine
wi (i = 1, ..., n) by (6). And we obtain the decision function by substituting wi (i = 1, ..., n) into (3). Next, we
move xj (yj 6= i), which is in Wi, that satisfy Dyj

(xj)−Di(xj) > 1 from Wi into Fi and move at most p data
xj (yj 6= i), which are in Fi, that satisfy Dyj

(xj) − Di(xj) < 1 from the smallest value in order from Fi into
Wi. These procedure are iterated until the working set Wi (i = 1, ..., n) does not change. Finally, we obtain the
SVs for each class decision function from all training data.

4 Experimental Results

We compared the proposed SSL2-SVMs with the conventional kernel subspace methods (KSMs), SSLS-SVMs,
and SVMs, using the two-class benchmark data sets [11, 12]. And we measured the training time using a personal
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computer (3.18GHZ, 1.99GB memory, Windows 7 operating system). We normalized each input variable to [0,
1].

We used RBF kernels: exp(−γ‖x−x′‖2) where γ is the width of the radius. And we assumed that the diagonal
element in the Cholesky factorization to select the independent data for each class is zero if the argument of the
square root in the diagonal element is less than or equal to 10−5. For SSLS-SVM and SSL2-SVMs, we determined
the kernel parameter γ, the threshold of the cumulative proportion κ, and margin parameter C by fivefold cross-
validation. For KSMs, we determined γ and κ by fivefold cross-validation, and selected KSMs with better gener-
alization ability between KSMs with equal weights (1) and those with weights equal to the eigenvalues (e). We
selected κ from {80, 85, 90, 95, 99, 99.9}, γ from {0.01, 0.1, 0.5, 1, 1.5, 3, 5, 10, 15, 20, 30, 50, 100, 200, 500, 1000}, C
from {10−4, 10−3,
0.01, 0.1, 1, 5, 10, 50, 100, 500, 103, 5×103, 104} by fivefold cross-validation. In SSL2-SVMs, we chose p = 25. Table
1 shows the parameter values of KSMs, SSLS-SVMs, and SSL2-SVMs determined by the above procedure.

Table 1. Parameter Values for KSMs and Conventional SS-SVMs

Data KSMs SSLS-SVMs SSL2-SVMs
κ (%) γ w κ (%) γ C κ (%) γ C

Banana 99.9 15 1 99.9 30 50 99.9 10 100
B. cancer 85 3 e 99.9 0.01 1 99 20 0.1
Diabetes 80 5 e 99.9 5 0.1 99 30 0.1
German 85 3 1 80 15 10−4 99.9 0.5 50
Heart 80 3 e 80 1 10−3 99.9 0.5 1
Image 99 15 1 99.9 500 1 99.9 200 500

Ringnorm 99 15 1 99.9 50 1 99.9 15 10
F. solar 80 5 1 99.9 10 0.1 99.9 5 50
Splice 99 1 1 95 10 1 99.9 10 5

Thyroid 85 15 1 95 100 5 99.9 15 500
Titanic 95 5 e 80 5 0.01 90 10 1

Twonorm 80 0.1 1 80 0.5 10−4 99.9 1.5 0.01
Waveform 80 1.5 1 99.9 3 10 85 50 1

4.1 Training Time Comparison

Table 2 shows training time for SSLS-SVMs and SSL2-SVMs in the “Time” columns, and the total dimension
for SSLS-SVMs in the “Dimension” column, and the number of SVs for SSL2-SVMs in the “SVs” column. For
each problem, the shorter training time is shown in boldface between SSLS-SVMs and SSL2-SVMs.

For five problems, the training time of SSL2-SVMs is shorter than that of SSLS-SVMs. And for six problems
the training time of SSL2-SVMs is the same as that of SSLS-SVMs. For other problems, the training time of
SSL2-SVMs is almost the same as that of SSL2-SVMs. In particular, for Splice and Image data sets whose
sizes and selected kernel parameters are large, the training time of SSL2-SVMs is much shorter than that of
SSLS-SVMs. Therefore the calculation cost of SSL2-SVMs is usually lower than SSLS-SVMs, in particular for
the large data set.

4.2 Comparison of Classification Ability

Table 3 shows the average recognition rates and their standard deviations of the test data sets. It also includes
the results for regular SVMs. In each row of the data sets the best results are shown in boldface among KSMs,
SSLS-SVMs, and SSL2-SVMs. And, if the recognition rate of SSL2-SVMs is higher than that of SSLS-SVMs,
the rates of the proposed methods, which are SSL2-SVMs, are shown with asterisks.

For nine problems, SSL2-SVMs performed better than KSMs. In particular, for the Ringnorm data set,
SSL2-SVMs performed much better than conventional KSMs. Additionally, for seven problems, SSL2-SVMs
performed better than SSLS-SVMs. And for other problems, SSL2-SVMs performed the same as SSLS-SVMs.
For B. cancer, German, and Titanic data sets, SSLS-SVMs performed much worse than the conventional KSMs.
The reason is as follows: we consider that for SSLS-SVMs the decision function for each class is determined
using all the training data. Thus the classification ability tends to be affected by the data that are far away
from the decision functions. However, for these datasets, SSL2-SVMs performed better than or the same as the
conventional KSMs. Therefore, we can conclude that SSL2-SVMs performed more stably than SSLS-SVMs. And
for five problems, SSL2-SVMs performed better than SVMs. And for other data sets SSL2-SVMs performed
almost the same as SVMs.
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Table 2. Training Time (s) for SSLS-SVMs and SSL2-SVMs

Data SSLS-SVMs SSL2-SVMs
Dimension Time (s) SVs Time (s)

Banana 133.05 0.01 175.89 0.01
B. cancer 20.45 0.02 181.1 0.02
Diabetes 289.55 0.41 388 0.21
German 2 9.38 612.23 0.83
Heart 2 0.01 129.89 0.01
Image 1010.55 30.1 207 2.33

Ringnorm 400 0.57 84.47 0.12
F. solar 104.57 0.42 591.18 0.51
Splice 976.9 17.2 215.7 1.69

Thyroid 19.42 0.01 14.95 0.01
Titanic 2.01 0.01 150 0.01

Twonorm 2 0.11 96.3 0.11
Waveform 400 0.79 134 0.13

Table 3. Comparison of Average Recognition Rates (%) and Their Standard Deviations of Test Data Sets

Data SVMs KSMs SSLS-SVMs SSL2-SVMs

Banana 89.3±0.5 88.6±0.6 89.5±0.4 89.4±0.4
B. cancer 72.4±4.6 75.1±4.4 68.4±4.6 *73.4±4.3
Diabetes 76.3±1.8 73.5±1.8 75.1±2.2 *75.9±1.9
German 76.2±2.2 75.1±2.2 72.5±2.1 *76.0±2.3
Heart 83.7±3.4 82.4±3.6 84.0±3.4 *84.3±3.3
Image 97.3±0.4 96.3±0.6 96.7±0.7 96.1±0.9

Ringnorm 97.8±0.3 76.6±11.2 96.9±0.4 95.8±0.7
F. solar 67.6±1.7 65.1±1.8 66.9±1.7 66.5±1.6
Splice 89.2±0.7 87.4±2.5 88.8±0.7 *89.0±0.6

Thyroid 96.1±2.0 95.6±2.1 95.5±2.5 95.4±2.5
Titanic 77.2±1.1 77.3±0.6 76.0±3.1 *77.1±1.1

Twonorm 97.6±0.1 97.6±0.1 97.7±0.1 97.7±0.1
Waveform 90.0±0.4 88.5±0.6 89.8±0.5 *90.2±1.2

5 Conclusions

In this paper, we proposed SSL2-SVMs using active set training methods. Because, unlike the conventional
active set training, SSL2-SVMs are formulated by all-at-once formulation, we modified the active set training
so that it is applicable to all-at-once formulation. Namely we select the training data to the working set for each
class decision function at once. And unlike SSLS-SVMs, the number of SVs are usually smaller than that of all
training data and the influence of the data that are far away from the decision functions is smaller than that of
SSLS-SVMs.

According to the computer experiments for two-class problems, the proposed SSL2-SVMs performed better
than conventional SSLS-SVMs and KSMs for almost all problems. And the training by the proposed SSL2-SVMs
was faster than or as fast as by the conventional SS-SVMs for almost all problems. In particular, for large data
sets, SSL2-SVMs were more than ten times as fast as SSLS-SVMs.
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Abstract. Similarity-based classifiers require as input only pairwise similarities between examples, and are therefore 

applicable in a wide range of domains, including domains in which examples do not lie in a common and continuous metric 

space. In this paper we present a supervised graph-based approach to classification whereby densities are estimated from a 

graphical representation of the data, and subsequently combined under Bayes rule to arrive at a classification decision. We 

illustrate the technique on a simple 2-dimensional, and provide results from several real-world domains to demonstrate the 

feasibility of the approach.  

1   Introduction 

Many classifiers operate on attribute data; that is, they require training and test examples to be in the form of a rectangular 

input table where typically rows correspond to examples, and columns to attributes. However, in many real-world domains 

an attribute-based representation might be either difficult to obtain (e.g., if objects are represented using some structural 

representation), or inefficient for learning purposes (e.g., if data are high-dimensional). In many of these cases it may be 

possible and more practical to measure the similarity between objects directly, and to classify based on pairwise 

similarities [1]. In this paper we refer to problem of classifying based on pairwise similarities (and no other information) as 

similarity-based classification.  

One approach to similarity-based classification is to convert the problem into one in which an attribute-based classifier 

can be then applied. For example, multidimensional scaling [2][3] can be used to embed both the training and test 

examples directly into a Euclidean space, thereby allowing conventional linear and non-linear classifiers to be applied 

[4]. Another approach is to treat the n by 1 vector of similarities between a test example and the n training examples as an 

attribute vector, and find a separating hyperplane in this (Euclidean) attribute space [5]. Yet another approach is to use 

the matrix of pairwise similarity values as a kernel for SVMs [6]. 

Alternatively, one can deal with the pairwise data directly. An obvious approach is the familiar k-nearest neighbour (kNN) 

classifier, which assigns a test example to the class most frequent amongst its k nearest (i.e., most similar) neighbours. 

Computationally, this amounts simply to sorting the values in each row of the similarity matrix, selecting the examples 

corresponding to the k highest values, and classifying accordingly.  

The kNN classifier is based on implicit estimation of class-conditional densities in the vicinity of a test example, and 

an alternative is to estimate class-conditional densities explicitly. These densities can then be used to determine the 

likelihood of a test example, given the class. The likelihoods can then be combined with class priors under Bayes rule to 

estimate posterior probabilities of class membership, from which a classification decision can then be made. While 

approaches based on explicit estimation of densities are common in Euclidean spaces, where, for example, data can be 

modelled as a mixture of Gaussians [7] and Expectation-Maximization [8] used to determine the parameters (i.e., 

means, covariances and mixing coefficients), it is less clear how densities can be estimated on pairwise data, and it is 

this problem with which this paper is concerned. Specifically, we are interested in how graph centrality measures can be 

used to estimate class-conditional distributions.  

The idea of applying graph-centrality measures to classification tasks has recently been explored in the context of semi-

supervised learning ([9], [10], [11], [12], [13]), where the objective is to develop a model using a usually small set of labelled 

examples together with a usually large set of unlabeled examples. Most of this research, however, has approached the problem 

from a discriminative classifier perspective: rather than modelling densities explicitly, the emphasis has been on using unlabeled 

examples to help push the decision boundary to less dense regions of the input space. Also, the objective has usually been to 

classify the unlabeled examples, which are already present in the graph, and it has not been clear how a novel test example can 

be classified without constructing a new graph [13]. 

This paper presents a supervised generative approach to similarity-based classification whereby densities are 

estimated from a graphical representation of the data and subsequently combined under Bayes rule to estimate posterior 

probabilities. Importantly, we show how novel examples can be classified without having to construct a new graph, 

thereby leading to a computationally efficient procedure. We illustrate the technique on a simple 2-dimensional 

example, and provide results from several real-world domains to demonstrate the feasibility of the approach.  
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The remainder of paper is structured as follows. Section 2 describes the algorithm. Section 3 illustrates the method 

on a simple 2 dimensional Euclidean input space. Section 4 provides results on several real-world datasets, and Section 

5 concludes the paper. 

2   Supervised Graph-Based Classification 

In this section we first describe the concept of eigenvector centrality, and how the centrality of a node within a graph 

can be interpreted as a measure of likelihood. We then show how likelihoods can be estimated for test examples, and 

how these can be incorporated into a Bayesian decision procedure for classification. 

2.1   Eigenvector Graph-Centrality 

Many measures have been proposed for measuring the centrality of a node within a graph, and include degree centrality, 

betweenness centrality, and closeness centrality, but by far the most common approach, used, for example, in the well-

known PageRank algorithm [14], has been eigenvector centrality.  

To appreciate eigenvector similarity, it is convenient to first consider degree centrality. Define G as the graph (V, E), 

where V = {vi, i = 1, 2, …, n} is a set of vertices, each corresponding to one of the objects in the classification domain, 

and E = {eij} is a set of edges connecting vertices (vi, vj). We assume here that the edges are weighted with a continuous 

value wij on the interval [0, 1] that represents the similarity between objects corresponding to vi and vj. The degree 

centrality, CD(v), for vertex v is defined in terms of the sum of the weights of the edges incident on it; i.e., 

1
( ) / ( 1)

n

D i ijj
C v w n


  .  

Whereas degree centrality is calculated using only the edges incident on a vertex, eigenvector centrality is based on the 

idea that the centrality of a vertex should be determined by taking into account global information recursively computed 

from the entire graph, with connections to high-scoring nodes contributing more to the score of a node than equal 

connections to low-scoring nodes. Accordingly, let CE(vi) be the eigenvector centrality score of the i
th
 node, and let this 

score be proportional to the sum of the scores of all other nodes, weighted by the strength of their connection to node i: 

1

1
( ) ( )

n

E i ji E jj
C v w C v

 
   (1) 

Assuming that similarities are supplied in the form of square matrix W = {wij}, where wij is the similarity between examples 

i and j, this can be written as the eigenvector equation  

WC C  (2) 

where C = (CE(v1), CE(v2), …, CE(vn)) is the vector of centrality scores for vertices 1 to n. We will henceforth assume 

eigenvector centrality, and drop the subscript in CE.  

In general this equation will have a number of eigenvectors, and some of these will have negative entries. However, from the 

Perron-Frobenius theorem the dominant eigenvector of W (i.e., the eigenvector corresponding to the largest eigenvalue) will 

have all non-negative components, thus satisfying the requirement that vertex centrality scores be non-negative. 

We note that the dominant eigenvector will not be unique, since any linear scaling of this eigenvector will also satisfy 

the eigenvector equation. Therefore it is the relative—not absolute—centrality scores which are important. Without any 

loss of generality we will assume that the eiegenvector has been normalized such that its components sum to 1. 

In principle, any eigenvalue algorithm can be used to find the dominant eiegenvector. A general and robust approach 

is power iteration, which begins with a random vector C0, and simply iterates the step 1k k C WC  until convergence, 

when C will be the dominant eigenvector. Algorithms based on matrix decomposition techniques can also be applied, 

and avoid the need for iteration. However these may fail due to bad scaling unless the similarity matrix is appropriately 

normalized.  

2.2   Similarity Matrix Normalization 

Consider the PageRank algorithm [14], which is a popular variant of the power method. PageRank assigns to every 

node in a graph a numerical score between 0 and 1, known as its PageRank score. This score is defined as    

( )

(1 )
( )

i

j
i

jj In V

pr
pr d d

Out V

      (3) 

where pri is the PageRank score for vertex Vi, In(Vi) is the set of vertices that point to Vi, Out(Vj) is the set of vertices 

pointed to by Vj, and d is a damping factor, typically set to around 0.8 to 0.9. The role of d is to reserve some probability 

for jumping to any node in the graph, thereby preventing getting stuck in some disconnected part of the graph. 
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Assuming weighted undirected edges, and a fully connected graph (in which case we can set d equal to 1), the above 

equation becomes: 

 1 1

N N

i ji j jkj k
pr w pr w

 
  . (4) 

Note that the term in the denominator effectively row-normalises W and is therefore equivalent to Equation 2 under 

such a normalization. 

Other normalizations are also possible. A common choice in the spectral clustering literature is to construct a 

symmetric similarity matrix, S, referred to as the graph Laplacian [15], and defined as 

1/2 1/2 S D WD  where 
1

, 1,...,
N

ii ijj
D w i n


  . (5) 

The main advantage of using the graph Laplacian, as opposed to a row-normalized similarity matrix, is that it allows the 

eigenvector to be calculated using matrix decomposition methods, which can often fail when using row-normalization. 

The remainder of this paper will assume use of the graph Laplacian. 

2.3   Estimating Likelihoods for Test Examples 

Each entry of the dominant eigenvector of S represents a relative measure of the centrality of the corresponding training 

example, and we interpret these values as relative likelihoods. One method of determining the centrality of a test 

example is to insert it into the graph and recompute the eigenvector. However, apart from the additional computational 

expense, this will perturb the centrality values of the training examples, and is especially a problem if the number of 

training examples is small.  

A better approach is to estimate the centrality of test examples directly from the dominant eigenvector of the original 

graph. It follows from Equation 2 that the i
th

 value of the eigenvector is equal to the dot product of the eigenvector with 

the i
th

 row of S; i.e., 
1

( ) ( )
N

i ij jj
C v s C v


 , where sij are the components of S. Thus, if we can estimate a vector, s, of s-

values for the test example, taking the dot product of s with the eigenvector will provide an estimate of the centrality of 

the test example.  

In order that the centrality value assigned to a test example is consistent with those for labelled examples, we must 

ensure that similarity values for the test example are normalized in a manner consistent with the use of the Laplacian. 

Defining the Laplacian as per Equation 5 means that entries of S and W are related according to 

1 1

N N

ij ij ij iji j
s w w w

 
   . It follows that the components of the normalized similarity vector s  for test example x are 

given by  

1 1

N N

xi xi xi iji j
s w w w

 
   . (6) 

The centrality of test example x, which we denote as C(x), is therefore given by  

1
( ) ( )

N

xi ii
C x s C v


  . (7) 

2.4   Classification Procedure 

Although graph centrality values are proportional to likelihoods, in general the proportionality constant for each class 

will be different, and will depend on the number of vertices (i.e., training examples). (Recall that the eigenvector is 

normalized such that its components sum to 1, and hence the more vertices in the graph, the lower the average centrality 

value). According to the Bayes classification procedure, a test example x should be classified as belonging to the class ci 

for which the product of likelihood and prior is greatest. In our case, the number of vertices must also be factored in, 

resulting in the following decision rule: 

 ( ) argmax ( )c c c
c C

c x N C x p


    (8) 

where Nc is the number of training examples in class c, Cc(x) is the centrality of x in class c, and pc is the prior for class 

c, which can be estimated based on the number of training examples belonging to each class, or can be provided 

externally. Additional information such as classification costs can easily be integrated into the decision rule. To 

conclude this section, we now summarise the algorithm.  

Algorithm 1:  Supervised graph-based classification. 

For each class c: 

Construct graph G = (V, E) where V = {vi, i = 1, 2, …, n} are training examples from c. 
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Create graph Laplacian for G, as per Equation 5. 

Find the normalized dominant eigenvector of the graph Laplacian. 

For each test instance x 

For each class c 

 Compute normalised similarity vector sx as per Equation 6. 

 Compute graph centrality C(x) as per Equation 7. 

Classify x according to Equation 8. 

3   A 2-Dimensional Example 

Figure 1 shows results of applying the method to a binary classification problem in a sparsely populated 2-dimensional Euclidean 

input space. Class 1 consists of 20 points (‘+’) generated from a mixture of 3 spherical Gaussians with centres (0.0, 2.0), (0.0, 

0.0), (2.8, 3.5), standard deviations 1.5, 1.8 and 1.2, and priors 0.4, 0.2 and 0.4 respectively. Class 2 consists of 10 points (‘o’) 

generated from a single spherical Gaussian with centre (2.5, 0.5) and standard deviation 1.2. Figure 1(a) shows data points, 

contours of the generating densities, and the Bayes optimal decision boundary (solid curve). Figures 1(b) and (c) show density 

estimates and decision boundaries obtained using the graph-based procedure and EM-trained Gaussian mixture model 

respectively1,2. Figure 1(d) shows results of applying an SVM (contours in this case represent distance from the separating 

hyperplane). 

Given the sparsity of the data, the density contours in (b) provide a reasonable approximation to the generating 

densities show in (a). In comparison with (b), the density estimates in (c) are far more localized, and result in a jagged 

decision boundary.3 Note the close correspondence between the decision boundaries in (b) and (d), except in areas of 

extremely low data density (to the bottom and right). This is encouraging, since SVMs are widely acknowledged as one 

of the most reliable classifiers to use in sparse input spaces. Note also that the decision boundaries in (b) and (d) do not 

coincide closely with the Bayes optimal boundary in 1(a). This is due to the sparsity of the data, and in particular, that 

the points in the vicinity of the Gaussian centred at (2.8, 3.5) by chance all fall below the centre of this Gaussian.  
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Fig. 1. (a) Data points and generating distributions; (b) Graph-based model; (c) EM-trained Gaussian mixture model; (d) SVM with 

Gaussian kernels, eps. = 1.0. 

                                                           

1 Euclidean distances (x) were converted to similarities by passing them through f(x) = 
2 2/2xe 

, σ = 1. 
2 Correct number of mixtures (3 and 1) and mixture component type (‘spherical’) were provided. 
3 Results for mixture models were far worse when the number of components was not supplied. 
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4   Real World Datasets 

We have applied the method to several real world datasets obtained from the Similarity Learning website [16]. Most of 

the datasets are based on datasets from the UCI repository [17], and were modified for similarity-based learning by 

applying an appropriate similarity function to produce pairwise similarity data.  

Table 1 compares performance of the graph-based method with kNN. For kNN we provide results for k = 1, as well 

as for the k value for which performance on test examples is optimal. Results were obtained using a random 80/20 

training/test split averaged over 200 trials.  

The graph-based technique outperforms kNN on the Protein and Aural Sonar datasets; its performance on the Yeast 

dataset is similar to kNN (with optimal k); and its performance on the Voting dataset is inferior to kNN. It is interesting 

to note that the only case in which the graph-based method underperforms kNN is the Voting dataset, which happens to 

be the easiest in terms of the overall classification accuracy levels obtainable. It is also easy in the sense that near 

optimal performance can be achieved using only a single nearest neighbour (i.e., k = 1). We note that for kNN, the value 

of k was optimized on test examples, and the quoted accuracy for kNN is thus likely to be an overestimate of the true 

test accuracy. A more realistic estimate of accuracy would be obtained by using a separate validation set to optimize k. 

Table 1.  Comparison of graph-based approach with kNN on 4 datasets. Results show mean percentage accuracy (st. dev.) over 200 

random trials using an 80/20 training/test split. 

Dataset Description Graph-Based  k Nearest Neighbours (kNN) 

  Classification k = 1 k  optimal 

Protein 
213 instances 

4 classes 

75.71 

(5.15) 

19.25 

(5.79) 

73.15 

(6.41) 
(k = 51) 

Aural Sonar 
100 instances 

2 classes 

91.05 

(6.41) 

81.13 

(8.70) 

86.70 

(6.95) 
(k = 5) 

Yeast SW-5-7 
200 instances 

2 classes 

50.54 

(6.72) 

35.95 

(6.38) 

50.67 

(7.6) 
(k = 7) 

Voting 
435 Instances 

2 classes 

91.70 

(2.54) 

94.15 

(2.37) 

95.59 
(1.91) 

(k = 7) 

5   Conclusion 

Most classifiers require optimization of one or more parameters (e.g., k-value in kNN; means, covariances, etc. in the 

case of mixture models), and a distinct advantage of the graph-based technique is that it is completely parameter-free 

when pairwise similarities are provided as input.4 This can save a lot of time and effort, particularly when only a small 

number of examples are available, and expensive cross-validation techniques would otherwise be required. Another 

advantage is that, unlike classifiers such as kNN, the graph-based approach provides continuous-valued outputs that can 

be interpreted as probabilities. This means that it is straightforward to factor in misclassification costs, and also means 

that it can be applied to multilabel classification problems; i.e., problems in which examples may belong simultaneously 

to more than one class. This can be done simply by including a data point in each graph corresponding to a class to 

which the point belongs.  

While this paper has focussed on classification problems, density estimation may be of interest in its own right. The 

curse of dimensionality [18] makes the estimation of densities in high-dimensional spaces exceedingly difficult. 

Because graph-based density estimation utilises a richer information set (i.e., pairwise similarities), we expect that it 

may yield superior performance to kernel or mixture models approaches, especially in high-dimensional input. We are 

currently conducting experiments in this area. 
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